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Abstract

ML-style modulesare valuablein the developmentand mainte-
nanceof largesoftwaresystems,unfortunately, noneof theexisting
languagessupportthemin a fully satisfactory manner. The offi-
cial SML’97 Definition doesnot allow higher-orderfunctors,soa
modulethatrefersto externallydefinedfunctorscannotaccurately
describeits import interface. MacQueenandTofte [25] extended
SML’97 with fully transparenthigher-orderfunctors,but their sys-
tem doesnot have a type-theoreticsemanticsthusfails to support
fully syntacticsignatures.Thesystemsof manifesttypes[19, 20]
and translucentsums[12] supportfully syntacticsignaturesbut
they may propagatefewer type equalitiesthan fully transparent
functors.This paperpresentsa modulecalculusthatsupportsboth
fully transparenthigher-order functorsand fully syntacticsigna-
tures(andthustrueseparatecompilation).We give a simpletype-
theoreticsemanticsto ourcalculusandshow how to compileit into
an
���

-like � -calculusextendedwith existentialtypes.

1 Introduction

Modular programmingis one of the most commonlyusedtech-
niquesin thedevelopmentandmaintenanceof largesoftwaresys-
tems. Using modularization,we candecomposea large software
projectinto smallerpieces(modules)andthendevelopandunder-
standeachof themin isolation. The key ingredientsin modular-
ization are the explicit interfacesusedto model inter-modulede-
pendencies.Goodinterfacesnot only make separatecompilation
type-safebut also allow us to think aboutlarge systemswithout
holdingthewholesystemin our headat once.A powerful module
languagemustsupportequallyexpressive interfacespecifications
in orderto achieve theoptimalresults.

1.1 Why higher-order functors?

StandardML [26, 27] provides a powerful modulesystem. The
main innovation of the ML modulelanguageis its supportof pa-
�
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rameterizedmodules,also known as functors. Unlike Modula-3
generics[28] or C++ templates[35], ML functorscan be type-
checked andcompiledindependentlyat its definitionsite; further-
more,differentapplicationsof thesamefunctorcansharea single
copy of the implementation(i.e., objectcode),even thougheach
applicationmayproducemoduleswith differentinterfaces.

Functorshave proven to be valuablein the modelingandor-
ganizationof extensiblesystems[1, 10, 6, 29]. TheFox projectat
CMU [1] usesML functorsto representtheTCP/IPprotocollayers;
throughfunctorapplications,differentprotocollayerscanbemixed
and matchedto generatenew protocol stackswith application-
specificrequirements.Also, a standardC++ templatelibrary writ-
ten using the ML functorswould not requirenastycascadingre-
compilationswhenthelibrary is updated,simplybecauseML func-
torscanbecompiledseparatelybeforeevenbeingapplied.

Unfortunately, any useof functorsandnestedmodulesalsoim-
plies that the underlyingmodule languagemust supporthigher-
order functors(i.e., functorspassedas argumentsor returnedas
resultsby other functors),becauseotherwise,thereis no way to
accuratelyspecifythe import signatureof a modulethat refersto
externally definedfunctors. For example, if we decomposethe
following ML programinto two smallerpieces,onefor FOO and
anotherfor BAR:

functor FOO (A : SIG) = ...
......
structure BAR = struct structure B = ...

structure C = FOO(B)
end

thefragmentfor BAR musttreatFOO asits import argument.This
essentiallyturnsBAR into a higher-orderfunctorsinceit musttake
anotherfunctorasits argument.Withouthigher-orderfunctors,we
cannotfully specifytheinterfaces1 of arbitraryML programs.The
lack of fully syntactic(i.e., explicit) signaturesalso violates the
fundamentalprinciplesof modularizationandmakesit impossible
to supportModula-2styletrueseparatecompilation[19].

1.2 Main challenges

Supportinghigher-order functors with fully syntacticsignatures
turns out to be a very hard problem. StandardML (SML) [27]
only supportsfirst-orderfunctors.MacQueenandTofte[25,36] ex-
tendedSML with fully transparenthigher-orderfunctorsbut their
schemedoesnot provide fully syntacticsignatures.Independently,
HarperandLillibridge [12] andLeroy [19] proposedto usetranslu-
centsumsandmanifesttypesto modeltypesharing;their scheme

1We only needto write the signaturesfor first-orderfunctorsif we usea special
“compilation unit” constructwith import andexport statements,but reasoningsuch
constructwould likely requiresimilar formalismasreasoninghigher-ordermodules.



supportsfully syntacticsignaturesbut fails to propagateasmuch
sharing� asin theMacQueen-Tofte system.Leroy [20] proposedto
useapplicative semanticsto modelfull transparency, but his sig-
naturecalculusis not fully syntacticsinceit only handleslimited
formsof functorexpressions;this limitation waslifted in Courant’s
recentproposal[7], but only at the expenseof putting arbitrary
module implementationcode into the interfaces,which in turn
compromisesthevery benefitsof modularizationandmakesinter-
facecheckingmuchharder.

The main challengeis thus to designa modulelanguagethat
satisfiesall of thefollowing properties:

� It musthave fully syntacticsignatures: if we split a program
at anarbitrarypoint, thecorrespondinginterfacemustbeex-
pressibleusingtheunderlyingsignaturecalculus.

� It must have simpletype-theoretical semantics: a cleanse-
manticsmakesformal reasoningeasier;it is alsoa prerequi-
sitefor asimplesignaturecalculus.

� It should support fully transparent higher-order functors:
higher-order functorsshouldbe a natural extensionof first-
orderones;simpleML functorscanpropagatetype sharing
from theargumentto theresult;higher-orderfunctorsshould
propagatesharingin thesameway.

� It shouldsupportopaquetypesandsignatures: typeabstrac-
tion is thestandardmethodof hiding implementationdetails
from theclientsof a module;thesamemechanismshouldbe
applicableto higher-orderfunctorsaswell.

� It shouldsupportefficient elaboration and implementation:
a modulesystemwill not be practical if it cannotbe type-
checked and compiled efficiently; compilation of module
programsshouldalsobe compatiblewith the standardtype-
directedcompilationtechniques[18, 15,32,33].

1.3 Our contributions

Thispaperpresentsahigher-ordermodulecalculusthatsatisfiesall
of the above properties. We show that fully transparenthigher-
order functors can also have simple type-theoreticsemanticsso
they can be addedinto ML-lik e languageswhile still support-
ing true separatecompilation. Our key idea is to adaptand in-
corporatethe phase-splittinginterpretationof higher-order mod-
ules [14, 33] into a surfacemodulecalculus—theresult is a new
methodthat propagatesmoresharinginformation (acrossfunctor
application)than the systembasedon translucentsums[12] and
manifesttypes[19]. Morespecifically, givena signatureor a func-
tor signature� , we extractall theflexible componentsin � into a
singlehigher-order“type-constructor”variable	 ; here,by flexible,
wemeanthoseundefinedtypeor modulecomponentsinside � . We
call such	 astheflexroot constructorof signature� . Weuse
 to
denotethekind of 	 and ��� to denotetheinstantiationof � whose
flexible componentsareredirectedto thecorrespondingentriesin	 . An opaqueview of signature� canbe modeledasanexisten-
tial type �	���
�� ��� . A transparentview of � canbe obtainedby
substitutingthe flexroot of � with the actualconstructorinforma-
tion. Full transparency is thenachievedby propagatingtheflexroot
informationthroughfunctorapplication.

Our new phase-splittinginterpretationalso leadsto a simpler
typetheoryfor thesystembasedon translucentsumsandmanifest
types. Recentwork on phase-splittingtransformation[14, 33, 8]
hasshown that ML-lik e modulelanguagesare betterunderstood
by translatingtheminto an

� �
-likepolymorphic� -calculus.These

translations,however, do not supportopaquemodulesvery well

becauseabstracttypesmustbe madeconcreteduring the transla-
tion. Thetranslationof translucentsumsis evenmoreproblematic:
Crary et al [8] have to extend

���
with singletonand dependent

kinds to capturethe sharinginformation in the surfacelanguage.
Thetranslationbasedon our new interpretation(givenin thecom-
paniontechnicalreport[34]) rightly turnsopaquemodulesandab-
stracttypesinto simpleexistentialtypes.Furthermore,it doesnot
needto usesingletonanddependentkinds. This is significantbe-
causetypecheckingsingletonanddependentkinds is notoriously
difficult [8].

2 Informal Development

2.1 Fully transparent higher-order functors

Wefirst useaseriesof examplesto show how theMacQueen-Tofte
system[25] supportsfully transparenthigher-order functors. We
startby defininga signatureSIG anda functorsignatureFSIG:

signature SIG = sig type t val x : t end
funsig FSIG = fsig (X: SIG): SIG

MacQueenandTofteusestrongsum � to expressthemoduletype,
so signatureSIG is equivalent to a dependentsum type ������������ � and signatureFSIG is sameas the dependentproducttype� � �!�����"�#�$��� . We alsodefinea structureS with signatureSIG,
andtwo functorsF1 andF2, bothwith signatureFSIG:

structure S = struct type t=int val x=1 end

functor F1 (X: SIG) =
struct type t=X.t val x=X.x end

functor F2 (X: SIG) =
struct type t=int val x=1 end

Although SIG doesnot definethe actualtype for t, functor ap-
plicationssuchasF1(S) will alwaysre-elaboratethebodyof F1
with X boundto S, so the type identity of X.t (which is int) is
faithfully propagatedinto the resultF1(S). Now supposewe de-
fine the following higher-orderfunctorwhich takesa functorF as
argumentandappliesit to thepreviously definedstructureS:

functor APPS (F: FSIG) = F(S)

We canthenapplyAPPS to functorsF1 andF2:

structure R =
struct structure R1 = APPS(F1)

structure R2 = APPS(F2)
val res = (R1.x = R2.x)
............

end

In theMacQueen-Tofte system,bothAPPS(F1) andAPPS(F2)
will re-elaboratethebodyof APPS which in turn re-elaboratesthe
functor body in F1 andF2; it successfullyinfers thatR1.x and
R2.x all have typeint, so the equality test(R1.x = R2.x)
will typecheck.

MacQueenandTofte [25] call functorssuchasAPPS as fully
transparentmodulessincethey faithfully propagateall sharingin-
formationin theactualargument(e.g.,F1 andF2) into the result
(e.g.,R1 andR2). Unfortunately, their schemedoesnot support
fully syntacticsignatures.If we want to turn moduleR into a sep-
aratecompilationunit, we have no way to completelyspecify its
import interface.Morespecifically, wecannotwrite asignaturefor
APPS sothatall sharinginformationin theargumentis propagated
into theresult.Theclosestwegetis to assignAPPS with signature:
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funsig BADSIG =
fsig (F: FSIG): sig type t=int val x : t end

But this wouldnot work if R alsocontainsthefollowing code:

functor F3(X: SIG) =
struct type t=real val x=3.0 end

structure R3 = APPS(F3)

SignatureBADSIG clearly doesnot capturethe sharinginforma-
tion propagatedduring theapplicationof APPS(F3). Theactual
implementationof the MacQueen-Tofte system[33] memoizesa
“skeleton”for eachfunctorbodyto supportre-elaboration,but this
is clearlytoocomplex to beusedin a surfacesignaturecalculus.

2.2 Translucent sums and manifest types

A more severe problemof the MacQueen-Tofte systemis that it
lacksa cleantype-theoreticsemantics:its typechecker mustusean
operationalstampgeneratorto modelabstracttypes;this makesit
impossibleto expressthe typing propertyin the surfacesignature
calculus.In 1994,HarperandLillibridge [12] andLeroy [19] pro-
posed(independently)to usetranslucentsumsandmanifesttypes
to modelML modules;theresultingframework—whichwe call it
the abstract approach—hasa cleantype-theoreticequationalthe-
ory ontypes;furthermore,bothsystemssupportfully syntacticsig-
natures.Leroy [21] andHarper[16] havealsoshown thattheirsys-
temsaresufficiently expressive that it cantype the entiremodule
languagein theofficial SML’97 Definition [27].

Unfortunately, in thecaseof higher-orderfunctors,theabstract
approachdoesnot propagateasmuchsharingasonewould nor-
mally expect in the MacQueen-Tofte system. For example, the
previous equalitytest(R1.x = R2.x) would not typecheckin
HarperandLeroy’s systems[12, 19]. In fact,theabstractapproach
treatsthe signatureSIG as an existential type �����%�&$�'� � and
the signatureFSIG asa dependentproduct

� � �������"�#����� . The
functorAPPS is assignedwith thefollowing signaturetype:

(�)+*-,.(0/1*32�46587 2�465:9;7 2�465
Applying APPS to F1 or F2 alwaysyieldsa new existentialpack-
age $�'� � soR1.t andR2.t aretwo distinctabstracttypes.

The abstractapproachrelies on signaturesubsumptionand
strengthening[12, 19] to propagatesharinginformation from the
functor argumentto the result. But the subsumptionrulesarenot
powerful enoughto supportfully transparenthigher-orderfunctors.
Nevertheless,theabstractapproachdoeshavefully syntacticsigna-
tures;andhaving a functorparameterreturninganabstractresultis
sometimesuseful. Take the functor APPS asan example,some-
timeswe indeedwant theparameterF to bea functor thatalways
generatenew typesateachapplication.

2.3 Transparent modules with syntactic signatures

We would like to extend the abstractapproachto supportfully
transparenthigher-order functors. Our key idea is to adaptand
incorporatethephase-splittinginterpretationof higher-ordermod-
ules [14, 33] into a surfacemodulecalculus;the result is a new
methodthat propagatesmoresharinginformation (acrossfunctor
application)thanthesystembasedon translucentsumsandmani-
fest types. Given a signatureor a functor signature� , we extract
all the flexible componentsin � into a singlehigher-order “type-
constructor”variable	 ; here,by flexible, wemeanthoseundefined
typeor modulecomponentsinside � . Wecall such	 astheflexroot
constructorof signature� . We use 
 to denotethekind of 	 and��� to denotethe instantiationof � with all of its flexible compo-
nentsreferringto thecorrespondingentriesin 	 . An opaqueview

of signature� canbe modeledasan existential type �	<��
�� � � ;
a transparentview of � canbeobtainedby substitutingall occur-
rencesof 	 in � � by an actualflexroot constructor. For example,
theprevioussignaturedeclaration:

signature SIG = sig type t val x : t end

canbeviewedasa templateof form:

2�465>=1?$@�*BADC�E3FG7H,
sig type t = #t

,I@J9
val x : t end

9
wherekind 
 C�E3F is equalto K t �;L8M . We use#t NO	QP to denotethe
t componentfrom a constructorrecord	 —this is to emphasizeits
differencefrom themoduleaccesspathsin ML (e.g.,X.t).

Instantiatingthe flexroot of �$��� with constructorK t � int M
yieldsa signatureof form:

sig type t = int val x : t end

Meanwhile,thefollowing SML code:

structure X :> SIG =
struct type t=int val x=1 end

createsan opaqueview of SIG so module X has type �	��
 C�E3F �RNS�����DT 	VUIP , or expandedto:

W @:*BA C'E-F 7H,
sig type t = #t

,I@J9
val x : t end

9
.

In the restof this paper, we follow the abstractapproachto treat
signaturematchingasopaqueby default. Givenamoduleidentifier�

anda signature� , we saythat
�

hassignature� if
�

hastype�	X�Y
+Z[�RN3�\T 	VUIP . The abstractflexroot constructorin
�

can be
retrieved using dot notationon existentials[5]—such notationis
usuallywritten as

� � ]'^Y_ , but in this paperwe usea moreconcise
notation; we will usethe overlined identifier

�
to representthe

flexrootof
�

.
It is informative to compareflexroot with thenotionof access

pathsin the abstractapproach[12, 19]. A type path
� � � in the

systembasedon translucentsumsandmanifesttypesmaydenote
an abstracttype (asin dot notation). Underthe flexroot notation,� � � always refersto an actual type definition—the � component
of module

�
—which in turn is definedas type `a��N � P ; in other

words,all theflexible componentsin
�

arenow redirectedto the
abstractflexrootconstructor

�
.

Combining all the flexible componentsinto a single flex-
root constructormakes it easierto propagatesharinginformation
throughfunctorapplication.For example,theearlierML code:

functor F1(X: SIG) =
struct type t=X.t val x=X.x end

createsa functorwith type:2

(
X
*b, W @c7 2�4!5ed @gfh9S7H,

sig type t = X.t val x : t end
9

or writtenassignature:

fsig (X: SIG): sig type t = X.t val x : t end

Here,thetypepathX.t in theresultsignaturereally refersto type
#t N X P . During functor application,we createa transparentview
of theactualargumentfollowing signatureSIG; we instantiatethe
flexrootX into anactualconstructorandthenpropagatethis infor-
mationinto theresultsignature.

2we omittedthekind annotationfor u to simplify thepresentation;we will do the
samein therestof thepaperif thekind is clearfrom thecontext.
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The idea getsmore interestingin the higher-order case. Be-
causei all functorsareabstractundertheabstractapproach,we first
needto find a way to introducetransparenthigher-orderfunctors.
SML’97 usesthe “:” and “:>” notation to distinguishbetween
transparentandopaquesignaturematching;we borrow the same
notationanduseit to specifytheabstractandtransparentfunctors.
In thefollowing example,

funsig NFSIG = fsig (X: SIG):> SIG
funsig TFSIG = fsig (X: SIG): SIG

SignatureNFSIG representsanabstractfunctorthatalwayscreates
freshnew typesateachapplication.SignatureTFSIG representsa
fully transparentfunctor thatalwayspropagatesthesharinginfor-
mationfrom theactualargument(i.e.,X) into theresult.

Thedefinitionof NFSIG introducesa templateof form:

j0kY2�4!5l=l?g@cmV*OADnVo�C'E-F�7 (
X
*b, W @Jp�7 2�465qd @Jprfh9S7H, W @�s�7 2�4!5ed @�s'fh9

wherekind 
 nVo�C'E-F is just 
 C�E3Fut K�M . NoticeNFSIG doesnot
propagateany sharinginformation( 	 m ) into theresultsignature;in-
stead,eachfunctorapplicationalwaysreturnsanexistentialpack-
age.For example,theabstractversionof functorAPPS:

functor APPS (F: NFSIG) = F(S)

is assignedwith thefollowing interfacetype:

(
F
*b, W @cm67 j0k[2�4658d @cmSfh9;7H, W @Jpv7 2�465qd @Jprfh9

or written assignature:

fsig (F: NFSIG):> SIG

On the otherhand,the definition of TFSIG introducesa tem-
plateof form:

wVkY2�465l=1?$@cm�*BA+x�o�C'E-FG7 (
X
*b, W @Jp�7 2�4!58d @Jprfh9S7H,B2�4658d @cm!d

X
fHfh9

wherekind 
 xvovC�E3F is equalto 
 C'E-F�t 
 C�E-F (thealgorithmcal-
culatingsuchkind is given later in Section3.2). The flexroot of
TFSIG hasa differentkind from thatof NFSIG becausefunctors
with signatureTFSIG propagatemoresharinginformation (e.g.,
constructorof kind 
 xvovC�E-F ) than thosewith signatureNFSIG.
Notice how functor applicationpropagatessharinginto the return
result: theflexrootof theresultis 	 m T X U where	 m is theflexroot of
thefunctoritself andX is theflexrootof theactualargument.

We cannow write thefully transparentversionof APPS as:

functor APPS (F: TFSIG) = F(S)

andwe canassignit with thefollowing interfacetype:

(
F
*-, W @cmJ*BA+x�o�C�E3FG7BwVkY2�4658d @Qmbfh9;7H,O2�4!58d

F
d y
t
=
S.t z fHfh9

or if wewrite it in anextendedsignaturecalculus:

fsig (F: TFSIG): sig type t= #t(F[{t=S.t}])
val x: t

end

With propersyntactichacks,this signaturecanevenbewrittenas:

fsig (F: TFSIG): sig type t = #t(F(S))
val x : t

end

as long as we assumethat all moduleidentifiers(e.g.,F andS)
referredinsidethe constructorcontext #t NS{ P arealwaysreferring
to their constructorcounterparts.

Getting back to the earlierexamplein Section2.1 wherewe
applyAPPS to functorsF1 andF2, we seewhy bothR1.t and
R2.t arenow equivalentto int. To applyAPPS to F1 (or F2),
we matchF1 (or F2) againstTFSIG andcalculatetheflexroot F
of the actualargument;F is equalto �V	G� K t �|`a��NO	QP}M for F1 or�V	G� K t � int M for F2; in bothcases,thet componentof theresult
is `a��N F T K!��� int M6U.P whichendsupasint.

2.4 Relationship with Leroy’s applicative functors

Oursyntacticsignaturelookssimilar to Leroy’sapplicative-functor
approach[20] wherehecanalsoassignAPPS with a signature:

fsig (F: FSIG): sig type t=F(S).t
val x: t

end

This similarity, however, staysonly at thesurface;the underlying
interpretationsof the two arecompletelydifferent. Underthe ap-
plicativeapproach,afunctorwith signatureFSIG will alwaysgen-
eratethesameabstracttype if appliedto thesameargument.Un-
derourscheme,anabstractfunctor(with signatureNFSIG) always
generatesa new typeat eachapplicationwhile a transparentfunc-
tor (with signatureTFSIG) doesnot. We cansimulateapplicative
functorsby opaquelymatchingafunctoragainstatransparentfunc-
tor signature.For example,

functor F3 :> TFSIG = F1

FunctorF3 wouldhave type:

W @cm�*BA+x�o�C�E3FG7 (
X
*-, W @Vp~7 2�4!58d @Jprfh9S7H,B2�4658d @Qm6d

X
fHfh9

BecauseF3 is abstractedover its flexrootinformation,applyingF3
to equivalentconstructorswill still resultin equivalenttypes(e.g.,
#t
,
F3
d y
t
=
int z fh9 ).

Oneproblemof theapplicative approachis that it solely relies
on accesspathsto propagatesharing.Becauseaccesspathsarenot
allowed to containarbitrarymoduleexpressions(doing otherwise
may breakabstraction),the applicative approachcannotgive an
accuratesignatureto thefollowing functor:

functor PAPP (F : FSIG) (X : SIG) =
let structure Y =

struct type t = X.t * X.t
val x = X.x * X.x

end
in F(Y)

Leroy [20] did proposeto typePAPP by “lambda-lifting” module
Y out of PAPP, but this dramaticallyalterstheprogramstructure,
makingthemodulelanguageimpracticalto programwith.

Our approachusesthe flexroot constructorto propagateshar-
ing. We caneasilygivePAPP anaccuratesignature:

fsig (F : TFSIG) (X : SIG) :
sig type t = #t (F({t= #t(X) * #t(X)}))

val x : t
end

Noticewe useTFSIG ratherthanNFSIG to emphasizethatF is a
transparentfunctor.
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Module expressionand declaration:

path � �#� � ���:�}�G� �
mexp � �#� � ��� str � m6� �6�!� � �$� end� fct NO� � �-��Pb���S� m NH� p P� NH���#����P�� let � in �
mdec � �#� � � � ������� � ���+�6� � ���
Module signature and specification:

sig � �#� � sig � m6� �6��� � ��� end� fsig NO���v�-��P��#�����
spec � �#� � � � �-�l�6� � ��� � ���+�6� � �B�
Core language:

ctyp � �#� � �S���S�G� �����!�6�
cexp � �#� � � � �S�G� �����6�!�
Elaboration context:

ctxt � �#� � �D�!���}�
Figure1: Syntaxof theabstractmodulecalculusAMC

3 Formalization

In this sectionwe presentan ExtendedModule Calculus(EMC)
thatsupportsbothfully transparenthigher-orderfunctorsandfully
syntacticsignatures.EMC is an extensionof Leroy andHarper’s
abstractmodulecalculus[19, 21, 12] but with supportfor fully
transparentfunctors.To make thepresentationeasierto follow, we
first defineanabstractmodulecalculusthatreviews themainideas
behindtranslucentsumsandmanifesttypes. We thenpresentour
new EMC calculusandshow how it propagatesmoresharingthan
theabstractapproach.

3.1 The abstract module calculus AMC

We usethe AbstractModule Calculus(AMC) [19] asa represen-
tative of the systembasedon translucentsums[12] andmanifest
types[19, 21]. Thesyntaxof AMC is givenin Figure1. Thestatic
semanticsfor AMC is summarizedin Figure2. Thecompletetyp-
ing rulesaregivenin Figures3 to 5 andin thecompanionTR [34].

AMC is a typical ML-style modulecalculuscontainingcon-
structssuchas moduleexpressions(mexp), moduledeclarations
(mdec), moduleaccesspaths(path), signatures(sig, specifications
(spec), core-languagetypes(ctyp) andexpressions(cexp). Follow-
ing Leroy [21], we use �c� , �S� , and ��� to denotemodule,type,and
valueidentifiers,and � , � , and � for module,type,andvaluelabels.
We assumethat eachdeclarationor specificationin AMC simul-
taneouslydefinesan internal name(e.g., � ) andan external label
(e.g., � , � , � ). Given a structurestr � m6� �6�!� � �$� end or a signa-
turesig � m6� �6�6� � ��� end, declarationsandspecificationsdefined
later can refer to thosedefinedearlier using the internal names.
However, to accessthemodulecomponentsfrom outside,we must
usethe accesspathssuchas �G� � , �[� � , and �G� � where � is another
pathand � , � , and � areexternallabels.

Signaturesareusedto typemoduleexpressions.An AMC sig-
naturecanbeeithera functorsignatureor a regularsignaturethat
containsanorderedlist of module,type,andvaluespecifications.A
functorsignatureis writtenasfsig NO� � �-��P��#����� where � denotes
theargumentsignatureand � � theresultsignature.We borrow the

ctxt formation �����~�
ctypformation �����
cexp formation ��� �"���
specformation ��� �
sig formation �����
mexp formation �����¡�g�
mdecformation �����¢�g�
ctypequivalence �����+£��V�
specsubsumption ��� �¥¤¦���
sig subsumption �����1¤|� �

Figure2: Staticsemanticsfor AMC: a summary

�"§�¨r��©ª���§¬«Iv®[¯ ��° � �6��� �;±
N sig � m6� ���6� � ��� end P;¨}��©²N sig ���m � �6�6� � ���� end P
N fsig NO�c���-��P��#�����IP;¨}��©²N fsig NO�c���-�0P$�R�+���IP

�Y¨r�G� ��©%���
NO� � �-��P;¨r��©³NO� � �-� � P NO� � �B��P;¨r��©³NO� � �B��P

N.�;�~����P;¨r�+©³N.�;�!����P N.�;�3P;¨r��©³N.�;�~�´�G� �;P
Figure3: Signaturestrengtheningin AMC

SML’97 notation“:” and“:>” for signaturematchinganduseit to
specifytheabstractandtransparentfunctors. BecauseAMC only
supportsabstractfunctors,a functorsignaturein AMC alwaysuses
:> to specify its result. Later in Section3.2, we’ll extendAMC
with transparentfunctorsignaturesin theform of fsig NO���v�-��P��-��� .

AMC allows two kinds of type specifications: flexible type
specification( �S� ) andmanifesttypespecification( �S����� ). Figure5
lists thestandardsignaturesubsumptionrules. Manifesttypescan
bemadeopaquewhenmatchedagainstflexiblespecifications.Sub-
sumptionon functor signaturesis contra-varianton the argument
but covarianton theresult.

Figure4 lists theformationrulesfor theAMC moduleexpres-
sionsanddeclarations.AMC supportstheusualsetof modulecon-
structssuchasmoduleaccesspath (� ), structuredefinition (str� m6� �6��� � �$� end), functor definition (fct NO�c���g��Pb� ), functor ap-
plication (� m NH� p P ), signaturematching(�µ�#��� ), andthelet ex-
pression.Most of the typing rules for AMC arestraightforward:
signaturematchingin AMC is doneopaquely;to type a let ex-
pression,the result signaturemust not containany referencesto
locally definedmodulevariables(i.e., � is well formedin context� but not ���}� ; seeFigure4).

Typesharingin AMC is propagatedthroughsignaturestrength-
eningand functor application. Signaturestrengthening,which is
definedin Figure 3, is a variation of dot notation[4]; a module
identifier �c� of signature� is strengthenedto have signature�Y¨��c� .
Functor application(e.g., � m NH� p P ) can propagatethe sharingin-
formation in the argument(� p ) into the result signature—thisis
achieved by substitutingthe formal parameter� � with the actual
argument� p (seeFigure4).

Unfortunately, thisstrengtheningprocedurehasnoeffecton its
functor components.In thehigher-ordercase,functor application
in AMC doesnotpropagateasmuchsharingasonewouldnormally
expectin theMacQueen-Tofte system.In the following, we show
how to extendAMC to supportfully transparentfunctors.
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�����~�¶�c���-�µ·��
��� �c�����[¨~�c�

�¸�¹��� sig � m ���6� �¢º � � � � �-� � � �6��� end »¼�½K!� �[¾t �G� � � � �G¾t �G� ���:� � � � � ·�¿ �À NB� m �6�6� �¢ºvP}M
�����G� ���[��»QN3���.P

���}�c�v�-�Á� �¡�����
��� fct NO�c���-��Pb��� fsig NO�c���-��P��#�����

���¹� m � fsig NO�c���-��P��#����� ���¹� p �g��� � ���Â��� �G¤¹�
���¹� m NH� p PÃ�gK~� �G¾t � p MgN3� � P

� ���~�
��� str end � sig end

�0�r� m ���6�6�6�}� º�Ä m ��� º �g� ºÆÅ ��° � �!�6� �;±
��� str � m � �6�6� � � � end � sig � m � �!��� � � � end

�¸�¹������� ���Â���G¤¹�
���¸NH���#����PÃ�g�

���Â� �����+��� �0�}�Ç���¡�$�
��� let � in �¡�$�

��� �¡���
���¸NO���~���ÈP��VNO�c�v�-��P

�����
���¸N.�S�~���cP��JN.�;�~����P

�¸� �"���
�¸�¸NO�v�~����P���NO�v���B�cP

Figure4: Selectedtyping rulesfor AMC: É½ÊµË *~Ì and É½Ê¦Í *�Î

Rulesfor reflexivity andtransitivityare omitted:

� �|� p � �6�6� � � �²Ï�Ð�Ñ � �Q�|���p � �!�6� � ���Ò
��� � m ¤¹� �m �0�}� m � sig

�
end ¤ sig

� � end
��� sig � m � � end ¤ sig ���m � � � end
� �|� m6� �6�6� � �¼� Ï�Ð�Ñ � �Q�|���m � �!�6� � ���Ò�0�}�¼Ól� sig

�
end ¤ sig

� � end
��� sig ��Ó � � end ¤ sig

� � end
���Â���m ¤¹� m �0�;� � �-���m �Â� p ¤¹���p

��� fsig NO� � �-� m P��#��� p ¤ fsig NO� � �-� �m P��#��� �p
�¸���u¤¹���

���¸NO� � �-��PÃ¤½NO� � �-���.P
������£��V�

���¸N.� � ����P�¤½N.� � ��� � P

���ÁN.�;�!���cP�¤µ�;� �����+£��V�
�¸�¸NO�v���B�cP:¤½NO�����B�J�hP

Figure5: Signaturesubsumptionin AMC

3.2 The extended module calculus EMC

TheextendedmodulecalculusEMC containsthesamesetof mod-
ule expressionsanddeclarationsasthosein AMC. However, EMC
usesa differentmethodto propagatesharinginformation; this al-
lowsEMC to supportfully transparenthigher-orderfunctors.EMC
alsohasamoreexpressive signaturecalculussothatall functorsin
EMC have fully syntacticsignatures.

Thesyntaxof EMC is given in Figure6. Thestaticsemantics
for EMC is summarizedin Figure7. The completetyping rules
aregiven in Figures8 to 13 andin AppendixA. Our typing rules
canbe directly turnedinto a type-checkingalgorithmbecausethe
signaturesubsumptionrules are only usedat functor application
andopaquesignaturematching(thesameis truefor AMC).

TheEMC signaturecalculuscontainstwo new featuresthatare
not presentin AMC: oneis the new functor signaturefsig NO�c�����P��~��� usedto specify transparent higher-orderfunctors;another
is a simpleconstructorcalculusthatcapturesthesharinginforma-
tion (usingconstructorÔ andkind 
 ) anda new typeexpression`D�6N3Ô"P thatselectsthetypefield � from constructorÔ .

Transparentfunctorscanpropagatemoresharingthanabstract
functors.For example,suppose� is definedassig � � � � � �O� � end,
a functorwith signaturefsig NO�c�V����P[�R�>� correspondsto anab-
stract functorwhoseapplicationalwaysproducesa modulewith a

All in AMC (Figure1) plus:

sig � �#� � �6�6��� fsig NO� � �-��P��-���
ctyp � �#� � �6�6���~`a��N3Ô"P
ctxt � �#� � �6�6���!�0�S	q�3

Module constructor and kind

mcon Ô �#� � �c���6	��~�V	8�3
�� ÔÕ�~Ô m T Ô p U� K�Ö m!� ���6� � Ö���MD�~`a��N3Ô"P
mcfd Ö �#� � �g�����6�\��Ô
mknd 
 �#� � K�× m6� �6�!� � ×D��M"�!
 m t 
 p
mkfd × �#� � �J�3L¦�6�q�3


Figure6: Syntaxof theextendedmodulecalculusEMC

new abstracttypecomponent� . On theotherhand,a functorwith
signaturefsig NO���g�b��PJ�b� correspondsto a fully transparent func-
tor whoseapplicationalwayspropagatesthetypeinformationfrom
its argumentinto its result.

Theconstructorcalculusitself (seeFigure6) is similar to those
usedin the

���
-likepolymorphic� -calculi. In thispaper, weassume

all typesin thecorelanguagehavekind L ; weuse	 to denotecon-
structorvariables;andwe usethe recordkind K�× m6� �!��� � ×D��M and
function kind 
 m t 
 p to type moduleconstructors.A record
constructorconsistsof a sequenceof core-languagetypes(marked
by label � ) andmoduleconstructors(marked by label � ). Given
a recordconstructor Ô , the selectionform `´�GN3Ô"P is a module
constructorequivalent to the � field of Ô while `D�6N3Ô"P is a core-
languagetype expressionequivalent to the � field of Ô . Figure8
givestheformationrulesfor theconstructorcalculus;othertyping
rulessummarizedin Figure7 aregivenin AppendixA.

The constructorcalculusis designedto faithfully capturethe
sharing information inside all EMC module constructs. More
specifically, givenasignature(or afunctorsignature)� , weextract
all the flexible componentsin � into a singleconstructorvariable	 ; we call such 	 asthe flexroot constructorof signature� . We
use 
 to denotethekind of 	 and � � to denotetheinstantiationof� whoseflexible componentsareredirectedto the corresponding
entriesin 	 . An opaqueview of signature� canbe modeledas
anexistentialtype �	¼�'
�� � � . A transparentview of � canbeob-
tainedby substitutingtheflexroot of � with theactualconstructor
information.Full transparency is thenachievedby propagatingthe

6



Similar formsasthosefor AMC (Figure 2) plus:

mconformation �¸��Ô���

mcfdformation �¸� Ö ��×
mconequivalence �¸��ÔØ£ØÔ �G��

mcfdequivalence �¸� Ö½£|Ö � ��×
mkndsubsumption ��
Ù¤¦
��
mkfdsubsumption ��×�¤¹× �
Figure7: Staticsemanticsfor EMC: a summary

�����~�¶	8�3
¥·È�
��� 	��g


� ���~�Ú� � �-�1·È�
�¸� �c���gÛYÜ�Ý:N3��P

��� Öc§a�g×8§ ¯ � ° � �6�6� �}±
���ÂK~Ö m!� �!�6� � Ö��cMD�$K�× m6� �6��� � ×D��M
����Ô���
 � 
 � �ÈK��6�6� � �8�3
 � �6�6� M

���Â`´��N3Ô"P���

�0�;	8�3
Þ�ÂÔ��g
��

���Â�V	q�3
�� Ô��g
 t 
��
����Ô m ��
 t 
 � ���ÂÔ p �g


����Ô m T Ô p UG��
 �
��� �

���¸N.�g����P0��N.���3LeP
���ÂÔ��g


���ßNO�Ã��Ô"P0�VNO�q�3
àP
Figure8: EMC constructorformation

flexroot informationthroughfunctorapplication.
Both 
 and � � canbecalculatedeasily. Figure9 showshow to

deduceÛYÜ�Ý:N3��P — thekind of theflexrootconstructorof a module
with signature� . Here, ÛYÜ�Ý:N3��PÈ©á
 meansthat the flexible
constructorpart of signature� is of kind 
 and Û[ÜGÝ:NB�àP ©â×´ã
meansthat theflexible part in specification� is of kind field ×´ã
(which denoteseither × or emptyfield � ). Notice in addition to
the flexible type specifications( �;� ), functor specificationsarealso
consideredastheflexible components.A transparent functorwith
signaturefsig NO�c�$�S��PV�;��� is treatedasa higher-orderconstructor
of kind 
 t 
�� where 
 and 
�� arethekindsfor � and ��� . An
abstract functor with signaturefsig NO� � ����Pe��� � is treatedasa
dummyconstructorthatreturnsanemptyrecordkind.

Signature� � is calculatedusinga proceduresimilar to theidea
of signaturestrengthening,but signaturestrengtheningin EMC is
very differentfrom that in AMC: insteadof relying on the access
path � to propagatesharing,EMC usestheflexroot constructorto
strengthena signature.Given a signature� anda constructorÔ
of kind Û[ÜGÝ:N3��P , signaturestrengthening�Y¨�Ô returnsthe result
of substitutingthe flexroot constructorin � with Ô . We usethe
auxiliary proceduresgiven in Figure 10 to deduce �[¨vÔ . Here,�Y¨�N3Ô³� 
àP�©á� � meansthat instantiating � by constructorÔ
of kind 
 yieldssignature� � , and ��¨$N3Ô��J
àP8©³� � meansthat
strengtheningspecification� by constructorÔ of kind 
 yields
specification� � . Theadditionalkind parameteris usedto identify
theflexible componentsin asignature.

Signaturestrengtheningproducesa specialform of signature
whosetypecomponentsarefully definedandwhosefunctorcom-
ponentshave abstractresultsignatures.This specialform, which

Û[Ü�Ý�N sig � m �6�!�}��� end P�©%K Û[Ü�Ý�NB� m PQ���6�}ÛYÜ�Ý:NB���JP0M
ÛYÜ�Ý�N3��P0©ª


Û[ÜGÝ:N fsig NO�c�v�-��P��#�����IP�©ª
 t K�M
ÛYÜ�Ý:N3��P0©ª
 ÛYÜ�Ý:N3���IP0©ª
��
ÛYÜ�Ý:N fsig NO�c�v�-��P��-���.P�©ä
 t 
��

Û[ÜGÝ:N.� � P�©����3L ÛYÜ�Ý:N.� � ���cP�©��
ÛYÜ�Ý:NO� � �-��P�©ª�8�3Û[Ü�Ý�N3��P ÛYÜ�Ý�NO� � �B�cP�©��

Figure9: EMC kind calculationågæ�çcN3�0P

�Y¨�Ôäè#é Ï é;ê v®;ë ê ÏvÐ�Ñ �« �Y¨�N3Ô���Û[Ü�Ý�N3�0P;P
� § ¨$N3Ô ��
àP�©ä� �§ ¯ ��° � �6�!� �;±

N sig � m �6���}� � end P;¨�N3Ô �g
àP�© sig � �m �6�!�}� �� end
N fsig NO�c�v�-��P��#��� � P;¨�N3Ô �g
àP�© fsig NO�c�v�-��P��#��� �


¡�|
 � t 
 � � � � ¨�N3Ô¼T � � UY�g
 � � P�©%� � �
N fsig NO�c���-��P��-���hP;¨�N3Ô �g
àP�© fsig NO���v�-��P��#����� �

�[¨$N3`´��N3Ô"P:�g
àP0©%���
NO� � �-��P;¨�N3Ô �$K��!�6� � �8�3
 � �6�!� MvP�©²NO� � �-� � P
N.�S�3P;¨�N3Ô �$K��!�6� � ���3L � �6�6�HMvP�©³N.�;�~��`a��N3Ô"P;P

N.�S�!���cP;¨$N3ÔÕ�g
àP�©²N.�S�!���cP NO�v���B�cP;¨$N3Ô ��
àP0©ìNO�v���B�cP
Figure10: Signaturestrengtheningin EMC

we call it instantiatedsignature, canbe accuratelydefinedusing
thefollowing grammar:

��í �#� � sig �Èím � ���6� � �Èí� end� fsig NO�c���-��P��#���
�Èí �#� � �c�v�-��íî���S�~���+�6�����B�

Noticeunderthisspecialform, theargumentof a functorsignature
could still be an arbitraryEMC signature,but the resultmustal-
waysbeabstract.Thefollowing lemmacanbeprovedby structural
inductionon theEMC signatures:

Lemma 3.1 Givenan EMC context � , a signature � , a kind 
 ,
anda constructorÔ , if ���ß� and �¡��Ô��V
 and �Á
&¤ÛYÜ�Ý:N3��P then �Y¨�Ô is an instantiatedsignature and �Â���Y¨�Ô .

Figure11 givesthe typing rulesfor the EMC moduleexpres-
sionsanddeclarations.Intuitively, we saya moduleexpression�
hassignature� if � hastypeequalto $	D�SÛ[ÜGÝ�N3��P'�RN3�[¨~	QP . Given
a module � � of signature� , we usethe overlined identifier � � to
referto theflexroot constructorhiddeninside �c� . This is a form of
dotnotation[5] where�c� representstheabstracttypedefinedby the
existentialpackage� � . In AMC, signaturestrengtheningis applied
to theaccessidentifier ( �c� ) itself andhiddentypecomponentsare
representedusingaccesspaths(� ). EMC generalizesthis ideasoit
canpropagatesmoresharingthanAMC does.

Figure12 givestheadditionalsignaturesubsumptionrulesfor
the EMC signatures.Subsumptionon transparentfunctor signa-
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Onlyï ð two of theserules—moduleidentifierandfunctorapplication—are differentfromthosefor AMC(Figure 4):

�����~�¶�c���-�µ·��
��� � � ���[¨ � �

�¸�¹��� sig � m ���6� � º � � � � �-� � � �6��� end »¼�½K!� �[¾t �G� � � � �G¾t �G� ���:� � � � � ·�¿ �À NB� m �6�6� � º P}M
�����G� ���[��»QN3���.P

�0�;� � �-�¸�����g� �
��� fct NO� � �-��Pb�¡� fsig NO� � �-��P��#��� �

����� m � fsig NO�����-�0P$�R�+���¡���|� p �$��� ��������� ��¤¹�ñ������� �rò[Û[Ü�Ý�N3�0P�©ªÔ
���¹� m NH� p P:��K �c� ¾t Ô � �c� ¾t � p MgN3���.P

� ���~�
��� str end � sig end

�0�r� m ���6�6�6�}� º�Ä m ��� º �g� ºÆÅ ��° � �!�6� �;±
��� str � m � �6�6� � � � end � sig � m � �!��� � � � end

�¸�¹����� � ���Â� � ¤¹�
���¸NH���#����PÃ�g�

���Â� �����+��� �0�}�Ç���¡�$�
��� let � in �¡�$�

��� �¡���
���¸NO���~���ÈP��VNO�c�v�-��P

�����
���¸N.�S�~���cP��JN.�;�~����P

�¸� �"���
�¸�¸NO�v�~����P���NO�v���B�cP

Figure11: Selectedtyping rulesfor EMC: É|Ê¦Ë *~Ì and ÉØÊ¹Í *�Î

All subsumptionrulesin AMC (Figure 5) plus:

����� �m ¤¹� m �0�S� � �-� � m �Â� p ¤�� �p
��� fsig NO�c�v�-� m P��-� p ¤ fsig NO�c�v�-���m P��-���p
��� fsig NO�c�v�-� m P��-� p ¤ fsig NO�c�v�-� m P��#��� p

� p è#é ÏvÐ è Ð é ë Ï�Ð ë è Ï ë}ó Ñ é;èRô Ð�Ï ë}õJ®}ó
��� fsig NO� � �-� m P��#��� p ¤ fsig NO� � �-� m P��-� p

Figure12: Signaturesubsumptionin EMC

turesis alsocontra-variantontheargumentandcovariantonthere-
sult. More interestingly, a transparentsignaturefsig NO�c���b� m PJ�b� p
is a subtypeof its abstractcounterpartfsig NO� � �b� m PJ�#��� p ; this is
becausewecanalwayscoerceatransparentfunctorinto anabstract
oneby blockingall of its sharinginformation. Finally, anabstract
signaturefsig NO�c���b� m PJ�#��� p is a subtypeof its transparentcoun-
terpartif theresult � p is aninstantiatedsignature;this corresponds
to thespecialcasewheretheabstractversiononly hidesa dummy
constructorsoit shouldbeequivalentto thetransparentversion.

More specifically, a kind 
 is a dummy kind if it is K�M , or
 m t 
 p where
 p is adummykind, or K�× m!� ���6� � ×D��M whereall
fields ×D� have dummykinds. Givena context � anda constructorÔ , we say Ô is a dummyconstructorif �¥�¡Ô¸��
 and 
 is a
dummykind. A dummyconstructorconveysnousefulinformation
thusit canbe safelyeliminated. It is easyto show that if � is an
instantiatedsignaturethen Û[ÜGÝ:N3��P is a dummykind.

Only two of the typing rules in Figure 11 are different from
thosefor AMC (in Figure4): onefor moduleidentifierandanother
for functor application. To accessa moduleidentifier �c� , we al-
waysstrengthenit with its flexroot constructor� � . To typefunctor
application� m NH� p P , we first noticethat the typing rulesfor access
paths(in Figure11)satisfiesthefollowing property:if ���|���g� ,
then � is an instantiatedsignature.This observationcanbeeasily
establishedvia Lemma3.1. So we can assume� m hassignature
fsig NO� � �-��P��#��� � and� p hassignature� � � ; furthermore,� � � is an
instantiatedsignature.Typing � m NH� p P theninvolvescheckingif � � �
subsumes� , extractingtheactualflexroot informationin � p (let’s
call it Ô ), andsubstitutingall instancesof �c� in � � with construc-
tor Ô andall instancesof �c� (not counting��� ) with accesspath� p .
Here,thesubstitutionon � � is thekey on why canpropagatemore
sharingandsupportfully transparenthigher-orderfunctors.

ConstructorÔ canbe extractedfrom the actualargumentsig-

��� � § òG
ö©ªÖ ã§ ¯ ��° � �6�6� �;±
���¸N sig � m �6���r��� end Pvò[
�©%K�Öaãm ���6�}Öaã� M
� 
Ù¤¹ÛYÜ�Ý:N3��P ���;� � �-�ß��� � òG
 � ©%Ô �ÔÕ�Ø�V	q�3
�� K ��� ¾t 	YM$N3Ô �.P �¸��Ô��g
 t 
��
���ÁN fsig NO� � �-��P��#��� � Pvò0NB
 t 
 � P�©ªÔ

�¸��� ò[
ö©%Ô
���ßNO���v�-��Pvò�K��6�6� � �q�3
 � �6�!� Mî©³NO�\��Ô"P

�����
���ÁN.�;�!���cPvò�Kg�'�6� � ���3L � �6�6� Mî©³N.�g����P
For all othercases, ��� �XòG
�©ä�

Figure13: Narrowing instantiatedsignaturesin EMC

nature � � � of � p using the signature-narrowing proceduredefined
in Figure13. This procedureis calleduponinstantiatedsignatures
only. Given a context � , the deduction�Þ�÷�lò´
Ç©øÔ ex-
tractsthe type componentsfrom an instantiatedsignature� and
producesa constructorÔ of kind 
 ; thespecificationcounterpart�ù�Ù��òe
³©úÖ ã extractsthe type componentsin � andpro-
duceseither Ö or emptyfield � . Wecanprovethefollowing lemma
usingstructuralinductionon theEMC signatures:

Lemma 3.2 Givenan EMC context � , a signature � , and an in-
stantiatedsignature ��� � , let 
Þ��Û[ÜGÝ:N3��P , if �Þ�û��� ��¤¡�
and ����� � � òG
ö©%Ô , then ���ÂÔ��g
 .

GivenanEMC context � , we saytwo signatures� and � � are
equivalent,denotedas �1�<�l£Ø��� , if andonly if both �1�>�u¤¹���
and �¡��� � ¤Õ� aretrue. The following propositionsshow why
thetyping rulesfor EMC canhold together:

Lemma 3.3 Givenan EMC context � , a signature � , and an in-
stantiatedsignature � � � , assume�Â� � � � ¤¹� and �Â�¦� p �g� � �
and �ß�¸��� ��ò�ÛYÜ�ÝÃN3��P:©&Ô , andlet »+� K �c� ¾t Ô � �c� ¾t � p M ,
then(1) giventwotypeexpressions� m and � p , if ���;�c�v�-�¦�l� m and�0�S� � �-�|�µ� p and ���;� � �-�|�u� m £|� p then �¹�1»QNO� m P�£¹»QNO� p P ;
(2) given two instantiatedsignatures ���m and ���p , if �0�;�c�0���ü�� �m and ���;� � �Q�ý�þ� �p and ���;� � �Y�¶�ÿ� �m £&� �p then����»QN3� �m P�£¹»QN3� �p P .
Theorem3.4(unique typing) Givenan EMC context � , two sig-
natures � and � � , anda moduleexpression� , if �Â�Õ�¡�$� and
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�����¡�g� � then �����l£Ø� � .
Proof: Expandthis theoremto covermoduledeclarationsandcore
languageexpressions;thegeneralizedversionof this theoremcan
beprovedby structuralinductionon thederivationtree. �

4 Expressiveness

In this section,we show that both the translucent-sum-basedcal-
culusandthestrong-sum-basedcalculuscanbeembeddedinto our
EMC calculus. We alsocompareEMC with the stamp-basedse-
manticsof theMacQueen-Tofte system[25, 33].

4.1 The abstract module calculus AMC

We usetheAMC calculuspresentedin Section3.1 asa represen-
tative for thesystembasedon translucentsums [12] andmanifest
types[19]. BecauseAMC is a subsetof EMC, thetranslationfrom
AMC to EMC (denotedas �b{ ��� ) is justanidentity function,Wecan
show thatthis translation �b{ � � mapsall well typedAMC programs
into well-typedEMC programs.

Theorem4.1 Givenan AMCcontext � , wehave

� if �¡�ö�~� is a valid AMC deductionthen ���O�����Õ�~� is
valid in EMC; similarly,� if ����� then �O��� � ���I��� � ;� if ��� �"��� then �O�	� � ���.�
� � ���.��� � ;� if ����� then �O�	� � ���B��� � ;� if �����¡�g� then �O��������.�����¼���B����� ;� if �����¢�g� then �O�����¦���.��������O���� ;� if �����+£��V� then �.�����¦���.����"£��.�V����� .� if �����1¤|� � then �O�	�������O�����¤��O� � ��� .

Proof: By structuralinductiononthederivationtree.Themaindif-
ferencebetweenEMC andAMC is thewayhow moduleidentifiers
andfunctor applicationsaretyped. For the caseof moduleiden-
tifiers, we usethe following lemma(Lemma4.2); for the caseof
functorapplication,noticetheresultof any AMC functorsignature
doesnot containany referenceto theflexroot constructor�c� sothe
typing rulesfor AMC andEMC have thesamebehavior. �
Lemma 4.2 Givenan AMC context � , suppose� is an AMC sig-
nature and � � �'�Ø·µ� , then �O�	���Â���O�[¨~� � ��+£��O����g¨ � � is a
valid deductionin EMC.

Proof: Notice �[¨~� � refersto thestrengtheningoperationfor AMC
(asin Figure3) while �B��� � ¨ �c� refersto thestrengtheningoperation
for EMC (asin Figure10). To prove this lemma,we needto show
thefollowing: givenanEMC typepath�G� � , let �c� betheroot iden-
tifier in � , and Ö�NH�QP denotestheEMC constructor��� if �����c� , and`a� � NBÖ�NH� � P;P if ���1� � � � � , thenthejudgement�>���G� �0£Ø`a�6NBÖ�NH�cP;P
is valid in EMC. �

4.2 The transparent module calculus TMC

WeusetheTransparentModuleCalculus(TMC) asarepresentative
of thestrong-sum-basedapproach.Thesyntaxof TMC is givenin
Figure 14; the static semanticsis summarizedin Figure 15; the
completetyping rulesaregivenin thecompanionTR [34].

Followingotherstrong-sum-basedmodulesystems[25, 27, 33],
we distinguishmodulesignatures( � ) from moduletypes( � and

path � �#� � ����� m NH�QP0��� p NH�QP
mexp � �#� � �������$NB��P������'N! GP:�#"O�\��� m � � p�$� �V�q�-��� ���S� m NH� p P:� let �Ã��� m in � p
sig � �#� � V N! GP�� TYP �~�:�q�-� m � � p � � �q�-� m � � p
ctsp  �#� � �%�}NH�QP����!���
cexp � �#� � � � NH�QP������6�
mtyp � �#� � V NO��P�� EQ NO�cP0�~�:�q��� m � � p � � �8��&e� �

& �#� � V NO��P�� TYP �~�:�8��& m � & p � � �8��& m � & p
ctyp � �#� � � � NO���IP:���6�6�
ctme � � �#� � �������$NB� � P:�����'NO��P0�~�V�8��&e� � �� ��� m NO���p P:� let �\����� m in ���p

� "O�\��� � m � � � p $ ��� m NO� � P:��� p NO� � P
ctce �!� �#� � � � NO���IP����6���
ctxt � �#� � �"�!���;�q���â�!���;�q��&
Figure14: Syntaxof thetransparentmodulecalculusTMC

ctxt formation � ���~�
mtypformation ���'� and ���(&
ctypformation ��� �
ctmeformation ��� ���Y�)�
ctceformation ����� � ���
cexp formation �����"���
mexp formation ��� �¡�#�
sig formation ���Â�
ctspformation ���* 
ctypequivalence ��� � m £�� p
mtypequivalence ���'� m £+� p or ���(& m £,& p
mtypsubsumption ���'�÷¤-&
mtypstrengthening &�¨����Q©.�

Figure15: Staticsemanticsfor TMC: a summary

& ): modulesignaturesaresource-level specificationswhile module
typesaresemanticobjectsusedfor typechecking.

A modulesignaturecan eithercontaina single value specifi-
cation(V N! GP ), a single type specification(TYP), or a pair of two
othermodulecomponents( �:�<��� m � � p ); it canalso be a functor
signature(

� ����� m � � p ). Only simpleaccesspaths( � � NH�QP ) areal-
lowedin a specification.3 An & -shapedmoduletypeis like a mod-
ulesignatureexceptthatin its valuespecificationV NO�cP , coretype �
cancontainarbitrarymoduleexpressions( ��� ). � -shapedmodule
typesareslightly different from & -shapedones: they allow man-
ifest types(or type abbreviations) of form EQ NO��P but no flexible
typespecificationof form TYP. Themoduleexpression� � inside
the coretype � helpsachieve the fully transparentpropagationof
thesharinginformationin TMC.

A moduleexpressionin TMC caneitherbeanaccesspath(� ), a
single-value-componentmodule( � � NB�vP ), a single-type-component
module( ���'NB��P ), a strongsum of two modulecomponents( "O�l�� m�� � p $ ), a functor ( �V�a�}��� � ), a functorapplication(� m NH� p P ), or
alet expression.

To simplify thepresentation,werestricttheTMC functorappli-
cationto work onsimpleaccesspathsonly (i.e., � m NH� p P ). Arbitrary
functorapplications(e.g., � m NO� p P ) canjust beA-normalizedinto
therestrictedform usinglet expressions.We alsodo not support

3TheStandardML signaturecalculus[27, 26] enforcesasimilar restriction.
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ctxt-to-ctxttranslation �O�	�!� ¾t �
ctsp-to-ctyptranslation �/ 	� ��¾t �
sig-to-sigtranslation �B���!� ¾t �
cexp-to-cexp translation �O���!� ¾t �
path-to-pathtranslation � ��� ��¾t �
mexp-to-mexp translation �.���!� ¾t �
ctyp-to-ctyptranslation �����10ì�V�
mtyp-to-sigtranslation ���2�.0 �
mtyp-to-sigtranslation ���(&�0 �
mtyp-to-kindtranslation �3�,��4 ¾t 

mtyp-to-kindtranslation �5&6� 4e¾t 

mtyp-to-mcontranslation ���2�.0 Ô
ctme-to-mcontranslation �������[���.0 Ô

Figure16: Translationfrom TMC to EMC: a summary

typeabbreviationsin signatures.We insist that � bea subtypeof
& if they havesamenumberof components(seethesubtypingrules�ª���á¤(& in thecompanionTR [34] ). Theserestrictionsdo
not affect themainresultbecauseit is easy(but tedious)to extend
TMC andthe TMC-to-EMC translationto supportthe additional
features.

Figure16 summarizesthe translationfrom TMC to EMC; the
actualdefinition is given in the companionTR [34]. Here, �b{ �!�
mapsTMC contexts, core types(in signatures),signatures,core
expressions,accesspaths,andmoduleexpressionsinto their EMC
counterparts;�b{ ��4 mapsTMC moduletypesinto EMC kinds. The
translationfrom TMC typesto EMC typesis basedonthetypefor-
mationrules,sothejudgement �¸� �70ì�V� mapstheTMC core
type � into anEMCcoretype �J� ; thejudgements�>�8�90 � and� �:&;0 � map the TMC module types � or & into an
EMC signature� . We alsousejudgements �%�<�=0ÿÔ and�ÿ�Ç� � �>�?0ñÔ to map TMC moduletypesand expres-
sions(embeddedinside core types) into EMC constructors.We
canprove thefollowing typepreservationtheoremfor theTMC-to-
EMC translation:

Theorem4.3 Givena TMC context � , wehave:

� if �½�½�~� is a valid deductionin TMC,then �@�O�	�!�¦�!� is
valid in EMC; similarly,� if ���A then �O�	�!�½���/ 	�!� ;� if ����� then �O�	�!�½���B���!� ;� if ��� �"��� and ��� �B0ì� � then �O��� � ���.�
� � ��� � ;� if ���¹���)� and ���2�90â� then �O�	�!�½��� �C�!����� ;� if �Ø�¦�¡��� and �½�D�<0â� then �O��� � �E�.�F� � �$� ;� if �����10ì� � then �O�	�!�½��� � ;� if ���2�.0 � or ���(&F0â� then �O�	�!�½��� ;� if ���;�G0û� m and ���H&I0Þ� p and �¥�H�Æ¤A&
and �O�	�!�½��� m òJ�!&K��4\©%Ô then �O�	�!�½��� m ¤¹� p ¨�Ô ;� if �1�L� m £+� p and �l�I� m 0 Ô m and �u�L� p 0âÔ p ,
then �3� m � 4 £��3� p � 4 and �.��� � ��Ô m £ØÔ p ���3� m � 4 .� if �ß�Â�������M0÷Ô m and �ß���N0÷Ô p then �O�	�!���Ô m £ØÔ p ���3�,� 4 .

Proof: By structuralinduction on the derivation tree; along the
process,we needto usethefollowing two lemmas. �
Lemma 4.4 Givena TMC context � , suppose�ß����� m �O� m , let»¼�½K~� ¾t � � m M , then

� if ���;�q��� m �'� p then �0�;�8��� m ��»QN�� p P0£+� p .

� if �0�S�q��� m �2& p then �0�;�8��� m �Õ»QN3& p P�£,& p .� if �0�S�q��� m � � then �0�;�8��� m �Õ»QNO��P�£|� .� if �0�S�q��� m � ���[��� p then ���;�q��� m �Õ»QNO���.P:�)� p .

Lemma 4.5 Givena TMC context � , a TMC moduletype � , an
EMC constructorÔ , andan EMC kind 
 , if �O���;�"�P�,� � �ßÔ��
 is valid in EMC,then �O�	�!�¹�ØÔ �g
 is valid in EMCaswell.

4.3 Comparison with the stamp-based semantics

Compilersfor the strong-sum-basedcalculus[25, 33] usestamps
to supporttype generativity andabstracttypes(TMC did not in-
cludethesefeatures).Therearestill higher-ordermoduleprograms
that are supportedby the stamp-basedsemanticsbut not by our
type-theoreticsemantics.Take the higher-order functor APPS in
Section2.1asanexampleandconsiderapplyingit to thefollowing
functors:

functor G1(X: SIG) = X
functor G2(X: SIG) = struct abstype t = A

with val x = A
end

end

Both applicationsarelegal underthe stamp-basedsemantics:ap-
plying APPS to G1 resultsin a module whoset componentis
equalto int while applyingAPPS to G2 createsa modulewhose
t componentis a new abstracttype. Underour scheme,thetrans-
parentversionof APPS cannotbeappliedto G2; theabstractver-
sionworksfor bothbut it doesnotpropagatesharingwhenapplied
to G1. We believe this lack of expressivenessis not a problemin
practice.

5 Implementation

A modulesystemwill not bepracticalif it cannotbetype-checked
andcompiledefficiently. Our EMC calculuscan be checked ef-
ficiently following the typing rulesgiven in Section3.2; the only
nontrivial aspectof theelaborationis on how to efficiently testthe
equivalencebetweentwo arbitraryEMC types;we plan to usethe
realization-basedapproachusedin the SML/NJ compiler [33] to
propagatetypedefinitions.

EMC is alsocompatiblewith the standardtype-directedcom-
pilation techniques[18, 15, 32, 33]. Most of thesetechniques
aredevelopedin the context of

���
-like polymorphiclambdacal-

culi [11, 30]. In thecompaniontechnicalreport[34], we definea
KernelModule Calculus(KMC) andshow how to translateEMC
into KMC andthentranslateKMC into an

���
-like targetcalculus.

6 Related Work

Module systemshave been an active researcharea in the past
decade. The ML module systemwas first proposedby Mac-
Queen[24] andlater incorporatedinto StandardML [26]. Harper
and Mitchell [13] show that the SML’90 module languagecan
be translatedinto a typed lambdacalculus(XML) with depen-
dent types. Togetherwith Moggi, they later show that even in
thepresenceof dependenttypes,type-checkingof XML is still de-
cidable[14], thanksto the phase-distinctionpropertyof ML-style
modules. The SML’90 modulelanguage,however, containssev-
eral major problems;for example,type abbreviations are not al-
lowed in signatures,opaquesignaturematchingis not supported,
and modulesare first-orderonly. Theseproblemswere heavily
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researched[12, 19, 20, 23, 36, 25, 17] and mostly resolved in
SMLQ ’97 [27]. Themainremainingissueis to designahigher-order
modulecalculusthatsatisfiesall of thepropertiesmentionedin the
beginningof thispaper(seeSection1.2).

Supportinghigher-orderfunctorswith fully syntacticsignatures
turnsout to be a very hardproblem. In additionto the work dis-
cussedat the begining of Section1.2, Biswas[2] givesa seman-
tics for the MacQueen-Tofte modulesbasedon simple polymor-
phic types.His formulationdiffersfrom thephase-splittingseman-
tics [14, 33] in thathedoesnot treatfunctorsashigher-ordertype
constructors.As aresult,hisschemerequiresencodingcertaintype
componentsof kind L usinghigher-ordertypes—thissignificantly
complicatesthetype-checkingalgorithm.Russo[31]’srecentwork
is anextensionof Biswas’s semanticsto supportopaquemodules;
he usesthe existentialsto model type generativity, but his type-
checkingalgorithmstill relieson theuseof higher-ordermatching
asin Biswas[2].

7 Conclusions

A long-standingopenproblemon ML-style modulesystemsis to
designa calculusthatsupportsboth fully transparenthigher-order
functorsand fully syntacticsignatures. In his Ph.D. thesis[23,
page310] Mark Lillibridge madethe following assessmenton the
difficulty of this problem:

In principleit shouldbepossibleto build a systemwith
a rich enoughtypesystemsothatbothseparatecompi-
lationandfull transparency canbeachievedat thesame
time. Becauseseparatecompilationrequiresthatall in-
formationneededfor typecheckingtheusesof afunctor
be expressiblein that functor’s interface,this goal will
requirefunctorinterfacesto (optionally)containanide-
alizedcopy of thecodefor the functorwhosebehavior
they specify, I expectsucha systemto be highly com-
plicatedandhardto reasonabout.

This papershows that fully transparenthigher-order functorscan
alsohave simpletype-theoreticsemantics,sothey canbeaddedto
ML-lik elanguageswhile still supportingtrueseparatecompilation.
Oursolutiononly involvesaconservativeextensionoverthesystem
basedon translucentsumsand manifesttypes: modulesthat do
not usetransparenthigherorder functorscan still have the same
signatureasbefore.

The new insight on full transparency also improves our un-
derstandingaboutothermoduleconstructs.Harperet al [14] and
Shao[33] have given a type-preservingtranslationfrom ML-lik e
module languagesto polymorphic � -calculus

���
. Their phase-

splitting translations,however, do not handle opaquemodules
well—abstracttypesmustbemadeconcreteduringthetranslation.
Ournew translation(givenin thecompanionTR [34]) rightly turns
opaquemodulesandabstracttypesinto simpleexistentialtypes.

Higher-orderfunctorsandfully syntacticsignaturesallow usto
accuratelyexpressthelinking processof ML moduleprogramsin-
side the modulelanguageitself. In the future we plan to usethe
modulecalculuspresentedin thispaperto formalizetheconfigura-
tion languageusedin the SML/NJ CompilationManager[3]. We
alsoplan to extendour modulecalculusto supportdynamiclink-
ing [22] andmutuallyrecursive compilationunits[9, 8].
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A Static Semantics for EMC

This appendixgives the rest of the typing rules for the external
modulecalculusEMC. The formationrulesfor moduleconstruc-
tors( ���ÕÔ��g
 ), andmoduleconstructorfields( ���½Ö���× ) are
given in Figure8 in Section3.2. The formationrulesfor module
expressions( �¥�ß�%�Q� ) andmoduledeclarations( �¡���È��� )
aregiven in Figure11 in Section3.2. The subsumptionrulesfor
signatures( �¥�ö�|¤���� ) andspecifications( �¥���%¤Õ��� ) are
givenin Figure12 in Section3.2.

A.1 ctxt formation: �����~�
���µ�!� (1)

���Â�
� �0�;�Þ�~� (2)

� ���~�Ú	u¨·SR��UTÈNB�GP
� ���}	q�3
Þ�!� (3)

A.2 ctyp formation: ��� �
� ���!�¶� � ·È� v® � � ����·��

���Õ�;� (4)

�¸�¹����� �"�ÈKg���6� � � � ��� � �6�!� M �® Kg�!�6� � � � � �6���#M
�����G� � (5)

����Ô��g
 
|��Kg�6�6� � �J�3L � �6�6�HM
���Â`a�6N3Ô"P (6)

A.3 cexp formation: ��� �D���
� �¸�~�á� � �B��·��

����������� (7)

������� sig � m!� �6�6� � � º � �!�6� � ��� end»¼�½K!� ��¾t �G� � � � �[¾t �[� ���:� � � � � ·�¿ �À N � P}MV ê ó�®}ó � ��� m#� �6�6� � � º�Ä m Ï�Ð�Ñ � º ���v���B�
�����G� �¢��»QNO��P

(8)

A.4 sig formation: �����
� ���~�

��� sig end (9)

W �c��·�¿ vÀ NB� m �6�6�}� º�Ä m P � �c��è#é Ð �ë�«I®}ó6ó è Ð � º���}� m �6���6�6�}�¢º~Ä m � ��º Å ��° � �6�6� �;±
��� sig � m6� �6�!� � ��� end

(10)

The sideconditionon ��º in this rule is not absolutelynecessary.
If we remove this requirement,we essentiallyallow free flexroot
referencessuchas � � evenwhen � � is a locally declaredstructure
component.To makethiswork, weneedrevisetheEMC signature-
strengtheningoperationso thatall referencesto ��� aresubstituted
by equivalentconstructorsthathave no suchreferences.Thenew
routineis shown in Figure17 where �[¨vÔ is now implementedas�Y¨�N3Ô��JÛ[ÜGÝ:N3��P;P'�PX with X denotingtheidentity substitution.The
auxiliary procedures�Y¨�N3Ô��!
àP'�S»à© ��� meansthat instantiating� by constructorÔ of kind 
 undersubstitution» yieldssignature� � , and ��¨�N3Ôu�r
àP'�S»�© � � �S» � meansthatstrengtheningspecifi-
cation � by constructorÔ of kind 
 undersubstitution» yields
specification� � andnew substitution» � .

����� ���;�c���g�ß�����
��� fsig NO�c���-�0P:�g��� (11)

����� ���;�c���g�ß�����
��� fsig NO� � �-�0P:�#��� � (12)
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�[¨vÔäè#é Ï é;ê �®;ë ê Ï�Ð�Ñ v« �Y¨�N3Ô��gÛYÜ�Ý:N3��P;P'�PX
» Ó �¹»¶� § ¨�N3Ô<�3
àP'�S» §!Ä m ©ª� �§ �;» § ¯ � ° � �6�6� �S±

N sig � m ���6�}� � end P;¨�N3ÔÈ�3
àP'�;»´© sig � �m �6���}� �� end
N fsig NO�c���-�0P$�R�+���IP;¨�N3ÔÈ�3
àP'�;»´© fsig NO�c���-�0P$�R�+���


��Ø
 � t 
 � � � � ¨$N3Ô¼T � � U!�3
 � � P'�S»¼©ª� � �
N fsig NO� � �-��P��-� � P;¨�N3ÔÈ�3
àP'�;»´© fsig NO� � �-��P��#��� � �
�[¨$N3`´��N3Ô"P��3
àP'�-»�©ª� � » � �¹»>YÈK �c� ¾t `´��N3Ô"P}M
NO�c���-�0P;¨$N3Ô<�bKg���6� � �q�3
 � �6�6� MvP'�;»¼©ìNO���v�-���.P'�S»$�
N.�;�BP;¨$N3Ô<�bKg�!�6� � �J�3L � �6�6� MvP'�;»¼©ìN.�S�!��`a��N3Ô"P;P'�b»

N.�;�~���cP;¨�N3Ô��3
àP'�S»¼©ìN.�S�~��»QNO�cP;P'�3»
NO� � �B�cP;¨$N3Ôà�3
àP'�S»¼©ìNO� � �O»QNO�cP;P'�-»

Figure17: Signaturestrengtheningin EMC (revised)

A.5 spec formation: �����

���Â� � � ¨·SR��UTÈNB��P
�����c�v�-� (13)

� �¸�~�¬� � ¨·ZR��[TÈNB��P
�����S� (14)

��� �Ú� � ¨·SR��UTÈNB�GP
�¸�Õ�S�~��� (15)

��� �
��� � � �B� (16)

A.6 ctyp equivalence: �����+£�� �
Rules for congruence,reflexivity, symmetry, and transitivity are
omitted.

� ���~�¶� � ����·��
���Õ�;�G£|� (17)

���¹��� sig � m � �6�6� � � º � �!��� � � � end»¼�ÕK6�;� ¾t �G� � � �c� ¾t �G� �¸�:�S� � �c��·�¿ vÀ N � P}MV ê ó�®}ó � ��� mH� �!�6� � � º�Ä m Ï�Ð�Ñ � º ���b�� ���
�����G� � � £¹»QNO�cP

(18)

���ÂÔØ£½Kg�!�6� � �g��� � �6���HM
����`D�6N3Ô"P�£|� (19)

A.7 mcon equivalence: �¸��ÔØ£ØÔ �G��

Rules for congruence,reflexivity, symmetry, and transitivity are
omitted.

»��½K!	 ¾t Ô � MÆ���ÂÔ � ��
 �0�S	q�3
ü��Ô ��
 �
���¸N3�V	8�3
�� Ô"P�T Ô �RUc£�»QN3Ô"P��g
�� (20)

�¸��Ô ��
 �
���¸N3�V	q�3
�� Ô¼T 	JU.P0£ØÔ���
 t 
 � (21)

����Ô½£½Kg�!�6� � �\��Ô � � ���6� Ma��Kg���!� � �q�3
�� � �6���HM
�¸��`a��N3Ô"P�£½Ô � ��
 � (22)


��½K�× m � �6�6� � × � M ����Ô �g
��� Öc§î£ N3\���`]\bN3Ô"P;P���×q§ ¯ � ° � �!�6� �;± �^\Q�|� � ���
����K~Ö m � �6��� � Ö � Mî£½Ô���


(23)

A.8 mcfd equivalence: �¸� Ö½£|Ö � ��×
Rules for congruence,reflexivity, symmetry, and transitivity are
omitted.

A.9 mknd subsumption: � 
�¤¦
 �
Rulesfor reflexivity andtransitivity areomitted.

_ ��Kg° � �!�6� � �àM ¾t Kg° � �~�6� �;± M� ×1`�a §cb ¤¦× �§ ¯ ��° � �6�6� � �
�ÂK~× m � �6�6� � × � MD¤�K�× � m � �6�6� � × � Ò M

(24)

�Â
��m ¤¦
 m � 
 p ¤¦
��p
� 
 m t 
 p ¤¹
 �m t 
 �p (25)

A.10 mkfd subsumption: � ×Â¤¦×"�
Rulesfor reflexivity andtransitivity areomitted.

��
Ù¤¦
 �
� �q�3
¡¤X�8�3
�� (26)
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