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Abstract

Compilersfor polymorphiclanguagesnustsupportruntimetype
analysisover arbitrarysourcdanguageypesfor codingapplica-
tionslik e garbagecollection,dynamiclinking, pickling, etc. On
the otherhand,compilersareincreasinglybeinggearedo gen-
eratetype-safeobjectcode. Thereforejt is importantto support
runtimetypeanalysisin aframewvork thatgeneratesype correct
objectcode.In this paperwe shav how to integrateruntimetype
analysispver arbitrarytypesin a sourceanguageinto asystem
thatcanpropagateypesthroughall phase®f compilation.

Keywords: runtimetype analysistype-safeobjectcode

1 Introduction

Modern programmingparadigmsincreasinglyrely on applica-
tions requiring runtime type analysis, like dynamic linking,

garbagecollection,and pickling. For example,Java adoptsdy-

namiclinking and garbagecollection as centralfeatures. Dis-

tributed programmingrequiresthat code and dataon one ma-
chine be pickled for transmissiorto a differentmachine. In a
polymorphiclanguagethe compilermustrely on runtime type
informationto implementtheseapplications Furthermorethese
applicationamay operateon arbitraryruntimevalues;therefore,
the compiler must supportthe analysisof arbitrary sourcelan-

guagetypes. We termthis ability of analyzingarbitrary source
languageypesasfully reflexive typeanalysis.

Ontheotherhand,oneof theprimarygoalsof amoderncom-
piler is to generatecertifiedcode. A certifying compiler[11] is
appealingfor a numberof reasons.We no longerneedto trust
the correctnes®f the compiler; instead we can verify the cor
rectnesf the generateccode. Checkingthe correctnes®f a
compilergenerategbroof (of a programproperty)is mucheasier
thanproving the correctnessf thecompiler Moreover, sincewe
canverify codebeforeexecutingit, we are no longerrestricted
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tractNo. F30602-99-1-051%ndin partby NSF GrantsCCR-963339&andCCR-
9901011. The views and conclusionscontainedn this documentarethoseof the
authorsandshouldnotbeinterpretedasrepresentingheofficial policies,eitherex-
pressedr implied, of the DefenseAdvancedResearchProjectsAgeng or theU.S.
Government.

to executingcodegenerateanly by trustedcompilers.A neces-
sarystepin building a certifying compileris to have thecompiler
generatecodethat can be type-checkd beforeexecution. The

type systemensureshatthe codeaccesseenly the providedre-

sourcesmakeslegal functioncalls, etc.

Therefore,it is importantto supportruntime type analysis
(over arbitrary sourcelanguagetypes)in a framework that can
generateype correctobjectcode. Crary et al. [3] proposeda
frameawork thatcanpropagateéypesthroughall phase®f compi-
lation. Themainideais to constructandpasstermsrepresenting
types,insteadof the typesthemseles, at runtime. This allows
theuseof pre-«isting termoperationgo dealwith runtimetype
information. Semanticallysingletontypesareusedto connecta
typeto its representationFromanimplementors point of view,
this framework (hereaftereferredto asthe CWM framework)
seemsto simplify somephasesn a type preservingcompiler;
mostnotably typedclosurecorversion[9]. However, theframe-
work proposedn [3] supportgheanalysisof inductively defined
typesonly; specifically it doesnot supportthe analysisof poly-
morphicor recursve types. This limits the applicability of their
systemsincemosttype analyzingapplicationsmustdealwith re-
cursie objectsor polymorphiccodeblocks.

In this paper we extendthe CWM frameavork andencodea
languagesupportingfully reflexive type analysisnto this frame-
work. Thelanguagés basedon our previouswork [13]; accord-
ingly, it introducesolymorphismat thekind level to handlethe
analysisof quantifiedtypes.This requiresa significantextension
of the CWM frameavork. Moreover, even with kind polymor
phism, recursve typesposea problem. We deal with this by
suitablyconstrainingheanalysisof recursve typesin thesource
language and by using an uncorventionalrule for fold-unfold
expressionsn thetargetlanguage.

The restof the paperis organizedas follows. We give an
overview of intensionaltype analysisin Section2. We present
thesourcelanguagekf+ in Section3. Section4 shaws thetar
getlanguage\%, thatextendsthe CWM framevork. We offer a
translationfrom A" to A}, in Section5.

2 Intensional type analysis

HarperandMorrisett[7] proposedntensionaltype analysisand
presentedh type-theoreticframework for expressingcomputa-
tions that analyzetypesat runtime. They introducedtwo oper



atorsfor explicit type analysis:typecase for the termlevel and
Typerec for thetypelevel. For example,apolymorphicsubscript
function for arraysmight be written as the following pseudo-
code:
sub = Aa. typecase « of

int = intsub

real = realsub

B = boxedsub [3]

Heresub analyzeghe type « of the arrayelementsandreturns
theappropriatesubscripfunction. We assumehatarraysof type
int andreal have specializedrepresentationssay intarray and
realarray, andthereforehave specializedsubscriptfunctions;all

otherarraysusethedefault (boxed) representation.

Typing this subscriptfunctionis moreinteresting becausét
musthave all of the typesintarray — int — int, realarray —
int — real, andboxedarray (o) — int — « for « otherthanint
andreal. To assigna type to the subscriptfunction, we needa
constructat the type level that parallelsthe typecase analysisat
thetermlevel. Thesubscriptoperationwould thenbetypedas

sub : Vo.Array(a) — int — «
where Array = Ma. Typecase o of
int = intarray
real = realarray
[ = boxedarray 3

The Typecase in the abore exampleis a special caseof the
Typerec construcin [7], which supportgrimitiverecursiorover

types.

3 The source language A[ "

We definethesyntaxof the/\f”r calculusn Figuresland 2. The
staticsemanticof AL T usesthe following threeervironments:

sortervironment £ = €| &, x
kindervironment A == ¢ | A a:x
typeervironment T’ == ¢ | T, z:7

Thedetailedtyping rulesaregivenin Figures3 and4 andtheim-
portanttermreductionrulesin Figure5. Thelanguage)\f’+ ex-
tendsthelanguage\?” proposedn [13] with recursve types,and
someadditionalconstructsfor analyzingrecursve types. This
sectiononly givesan overview of the languagethe reademmay
referto [13] for moredetails.

In the impredicatve F, calculus,the polymorphic types
Va : k.7 canbe viewed asgeneratedy an infinite setof type
constructors?,. of kind (k — Q) — €, onefor eachkind «.
ThetypeVa : k.7 is thenrepresente@sV, (A« : k. 7). The
kinds of constructorghat can generatetypesof kind €2 would
thenbe

int : Q
— : Q—=0—-0
Vo @ 2—=0Q)—=Q

Vn D (k> Q)= Q

We canavoid theinfinite numberof V,; constructordy defining
a singleconstructoV of polymorphickind V. (x — Q) — Q

(kinds) Kk u=Q | k—r | x| VXK

n=int | —»|V|V+] p | Place
| a| Ax.7 | dazk.T | T[] | 77
| Typerec 7 of (Tint; 7—; 7v; Tt)

3

(types)

=1 | A+)(.v | Aa:k.v | Az:T.e | fixz:T.v
| fold[r]v

(values) v

+ !
m=wv | x| e[k |elr]]ee
| fold[r]e | unfold[r]e
| typecase[r] 7' of (eint; e—; ev; exs €p)

(terms) e

Figurel: Syntaxof the Af* language

T—=17=(=)1)7
Vocifﬁ.T = (Y[K]) (Aa:k.T)
Vx. 1=V (Ax.7)

Figure2: Syntacticsugarfor Af’* types

andtheninstantiatingit to a specifickind beforeforming poly-
morphictypes. More importantly this techniquealsoremoves
thenegative occurrenc®f €2 from thekind of theargumentof the
constructoivq. Hencein our new Af’* calculus(seeFiguresl
and2), we extend F,, with variableand polymorphickinds (x
andVy. x) andaddatypeconstan¥ of kind Vx. (x — Q) —
to the type language. The polymorphictype Va : k.7 is now
representedsV [k] (Aa: k. 7).

While analyzinga polymorphictype,V [] 7, thekind k must
beheldabstracto ensurgerminationof theanalysig13]. There-
fore, the Typerec operatomeedsakind abstractiom\ . 7 in the
branchcorrespondindo theV constructar We provide kind ab-
stractionandkind applicationr [k] atthetypelevel. Theforma-
tion rulesfor theseconstructsexcerptedirom Figure3, are

EIAFT VXK ErK
EAF TR« k{K'/x}

Similarly, atthetermlevel, the typecase operatormustanalyze

polymorphictypeswherethe quantifiedtype variablemay be of

anarbitrarykind. To avoid the necessityof analyzingkinds, the
typecase mustbind a variableto the kind of the quantifiedtype

variable. Therefore,we introducekind abstractionA+X. v and
kind applicatione [m]+ atthetermlevel. To assigntypesto these
new constructsat the termlevel, we needa type level construct
V+X. 7 thatbindsthekind variabley in thetyper. Theformation
rulesareshowvn below.

EFA Ex;AFT K
EAFAx.T 1 VX.K

SATFe:Vyx.r EFk
E;NTH e[iir s m{k/x}

Ex;AThRw 1
+ +
ENTHANx.v VY x.T

Furthermoresinceour goalis fully reflexive type analysis,we
needto analyzekind-polymorphictypesaswell. As with poly-



[Kind formation £+ &
xe€& ErFr EFK  Extr
EFQ EFx Erk— K EFVX. kK
[Kind environmentformation £ - A
EFA EFk
Ete EFA a:k
Typeformation E;AbFT: K
EFA
E;AFint : Q
EAF(—) 1 Q—-0Q0—-0
E;ARV Vx-(x — Q) = Q
SAFY L (V.Q)—Q
EAF (=) —-Q
E;AFPlace: Q — Q
EFA a:kinA
EsAFa: Kk
EFA ExiAFT:k EAFT  Vx.k EFFK
E;AFAx.T : Vx.k E;AF TR« k{K'/x}
EAN kT K
EAF Xk T k— K
EAFT K =k EAFT K
EAFTT 1 kK
EAFT 1 Q
E;AF Tine 1 Q

EEAFTL : Q—-Q0—-0—-Q0—-0Q
EAFTy V. (x—=Q) = (x—Q) —=Q
EAFTH (VX-Q) — (VX Q) — Q

E; A= Typerec T of (Tin; T—; Tw; Tip) & £

Typeernvironmentformation S;AI—F‘
EFA ESAFT &EAFT: Q
E;AbFe ESAFT z:1

Termformation E;A;ThHe: T
E;AiTRe: T EAFT~T 1 Q
EAT ke : 7
EAFT
E;ATHi - int

EAFT a:7inT Ex;AilFweT

ENTRz T 5;A;F|—A+X.U:V+X.

EAa:rk; Ty o T

E;A;T,x:The:

T

I
T

EATHFAa:k.v : Ya:k.T  EATEAM:T.€

5;A;FF6:V+7' EFk
+
]

E;NT Felr] @ 7k

E;NiThe: VKT EART @k
ENTrelr] 7

ENTre: T =17 EATEE - 7
EANTFee : 7

FRUANE BT ol R VI o
"
T=VY X1.--Xn-YVQ1:K1l ... Qm Km.T1 — T2
n>0m2>0

T =7

EsN; T Hfixax:mv @ 7

EAFT : Q—=Q &EATFe:
E;A;T Ffold[r] e : pr

7 (b7)

EAFT: Q-0 &EATEe:
E;A;T Funfold[r] e : 7 (pT)

T

EAFT : Q—Q

EAFT : Q

E;ATF €y - Tint

EATHe : Va:Q.Va: Q.7 (o — o)
E;A;TFey :V+X.Voz:x—>Q.T(V[x]o¢)
ENT Fe: Va:(Vx.Q).T(\fa)
E;AT ey : Va:Ql — Q.7 (pa)

E;A;T F typecase[r] 7' of (eint; € ; ev; ers en)

Figure3: Formationrulesof A7

T




Typereduction E;AF 71~ 7o : m‘

EAa:k'FT:i Kk EAFRT K
EAF (Aa:k'.T)T ~ {7 [a} : K

k EFK
- w{K'/x}
EAFT a ¢ ftu(r)

E;AF da:k.Ta~ T ¢

E AT :
EAF (Ax.7) [~ 7{K'/x}

k— K

k— K

E; A+ Typerec 71 of (Tint; T3 Tv; 7o) ~> 71 & Q
E; A+ Typerec 72 of (Tine; T Tv; Tt) ~> T3 2 €

E; A+ Typerec ((—) 71 72) of (Tint; 75 Tv; Tt)
ST TITaT T Q)

E; A, a: k't Typerec (T @) of (Tin; T—; Tv; Tp) ~ 7 Q

E; A+ Typerec (Y [5] 7) of (Tine; T—; 7v; )
~ 1y KT (Aaik T 0 Q

E,x; A+ Typerec (7 [x]) of (Tint; 73 Tv; 7o) ~> 7' 1 Q

EAFT VX .k x¢€ fhu(r)
EAFAx.TX]~ T :

VY. K

E; A + Typerec (V+T) of (Tint; T3 Tv; Tp) ~ Ta 7 (Ax-7') : Q

E; A, a:Q + Typerec (7 (Place ) of (7in; 7—; Tv; 7)) ~ 7' 0 Q

E; A+ Typerec int of (Tine; T—; Tv; Tv+) 1 Q

E; A & Typerec int of (Tint; T Tv; Tyr) ~ Tint

E; A k= Typerec (p7) of (Tine; T3 Tv; 7o) ~ B (Aa:Q.77) © Q

E; A+ Typerec (Place 7) of (Tine; 75 7w Tt) :

E; A+ Typerec (Place 7) of (Tint; 7—; 7v; 'rv+) ~ 700

Figure4: Selectedkf,”r typereductionrules

morphictypes,we canrepresenthe typeV+X. T asthe applica-

tion of a type constructory’ of kind (Vx. Q) — Q to thetype
Ax.T.

Theformationrulesin Figure3 requirethattheenvironments
arewell formed. Moreover, all typesand kinds are also well
formed.Thus,in thetypeformationrule £; A + 7 : k, we have
that€ - A and€ + k. In thetermformationrule £; A; T + e -
7,wehavethatf H A and&; AFT and&; A7 : Q.

The Typerec operatoris usedfor type analysisat the type
level. In fact, it allows primitive recursionat the type level. It
operaten typesof kind 2 andreturnsa type of kind © (Fig-
ure4). Dependingon the headconstructorof the type beingan-
alyzed, Typerec choose®neof thebranchesAt theint type, it
returnsthe 7;,x branch. At the functiontype~ — 7/, it applies
the 7_, branchto the components and+’, andto the resultof
recursvely processing- andr’.

Typerec (7 — 7") of (Tine; T—; Tv; Tp) ~
7. 771" (Typerec 7 of (Tint; 7—; Tv; Tt))
(Typerec 7" of (Tine; 75 Tv; Tyt))

Whenanalyzinga polymorphictype,thereductionrule is

Typerec (Va:&'. 7) of (Tine; T3 7w Tp) ~
v [&'] (Aa:k'.7) (Aa: &' Typerec 7 of (Tine; 73 7v; T4))

Sincey mustbe parametricin the kind " (to ensuretermina-
tion, therearenofacilitiesfor kind analysisn thelanguagg13)]),
it canonly apply its secondand third argumentsto locally in-
troducedtype variablesof kind x’. We believe this restriction,
which is crucial for preservingstrongnormalizationof the type
languagejis quite reasonablén practice. For instancery can
yield a quantifiedtype basecon theresultof theanalysis.

Thereductionrule for analyzinga kind-polymorphictypeis

Typerec (V+X. T) of (Tine; T3 Tv; T\#) ~
Tt (Ax.7) (Ax. Typerec T of (Tint; T—; Tv; T\#))

The V"-branchof Typerec getsas argumentsthe body of the
quantifiedtype and a kind function encapsulatinghe result of
theanalysison the body of the quantifiedtype.

Recursie typesareformed usingthe p constructorof kind
(2 — Q) — Q. Fortheanalysisof recursve typeswe introduce
aunaryconstructoiPlace of kind Q — €2, whichis notintended
for useby the programmer Thereare no term level constructs
to createan object whosetype containsthis constructar The
introduction of the Place constructoris basedon the work of
FegarasandSheard6].

Recursie typesarehandledin the mannersuggestedby the
Ianguage)\f2 in [13]. Whena recursve type is analyzedby a
Typerec, theresultis alwaysa recursve type. The Typerec an-
alyzesthe body of the typewith the u-boundvariableprotected
underthe Place constructar SincePlace is the right inverseof
Typerec (Figure 4), the analysisterminateswhenit reachesa
typevariable.

Typerec (U7) of (Tint; T—; v Tp) ~
B (Aa:Q. Typerec (1 (Place a)) of (7ine; 75 Tv; 7))

Sincethe argumentof the p constructorhasa negative occur
renceof thekind (2, this casemustbe handledspecially There-
fore,the Typerec doesnotactasaniteratorfor the p constructar
Instead,it directly analyzesthe body of the recursve type. In
essencewe have madethep constructotransparento the anal-
ysis. Operationallythe numberof nestedu constructorsstrictly
decreasest every reductionof the Typerec, ensuringtermina-
tion afterafinite numberof steps.



typecase[r] int of (eint; €—; ev; eyr; eu) ~ €int

typecase[7] (71 — T2) of (€int; e—; ev; es; ep) ~ e [T1] [T2]
typecase[r] (V [k] T') of (€int; e—; ev; eyt; €u) ~*ev [m]Jr (7]
typecase[7] (V+T') of (€int; e—; ev; e €u)  ~rer (]
typecase[7] (") of (eint; e—; ev; e i eu) ~ep ']

typecase[7] (Place 7”) of (eint; e—; ev; e s eu) ~
typecase[7] (Place 7’) of (€int; €—; ev; euts eu)

Figure5: Selectedermreductionrulesof A7+

The term expressionsare mostly standard. We use explicit
fold-unfold operatorgo implementthe isomorphismbetweena
recursvetypeandits unfolding. Typeanalysisatthetermlevel is
performedusingthe typecase operator Sincethetermlevel in-
cludesafixed-pointoperatortypecase is notiterative; it inspects
agiventype ' andpassests componentso the corresponding
branch.Thereductionrulesfor typecase arein Figure5.

Existential types can be handled similar to polymorphic
types. We definea type constructod of kind V. (x — ) —
Q. Theexistentialtype Ja : k. 7 is thenequialentto 3 [x] (Aa:
k.T). The Typerec andthe typecase areaugmentedvith a 75
anda ez branchrespectiely. The reductionrules are exactly
analogougo the polymorphiccase gxceptthatthe Typerec now
chooseshe 3 branch,andthetypecase chooseshe e branch.

To illustratethe type level analysiswe will usethe Typerec
operatorto define the classof typesadmitting equality com-
parisons. We will extendthe examplein [7] to handlequan-
tified types. We definea type operatorEq : 2 — € which
mapsfunction and polymorphictypesto the type Void. (Here
Void = Va: Q. a is atypewith no values). To male the exam-
ple morerealistic, we extendthe languagewith a producttype
constructol( x) of thesamekind as(—). Thetypeanalysiscon-
structsoperateon the x constructorin a mannersimilar to the
—» constructar

For easeof presentatiorwe useML-style patternmatching
syntaxto defineatypeinvolving Typerec: Insteadof

t = Aa: Q. Typerec o of (Tine; T—; Tw; i)

where 7, = Aa1:Q. daz:Q. A k. ah k. T
v =Ax. da:x — QX :x — k. Ty
Tt = Az (VX Q). Aa: (V. k). 7)¢

we write

t (int) = Tint

t(on — a) = 7{t(a1),t(a2)/0l, 05}
t(V+[x] ) Tw{dar:x.t(aar)/a'}
t(Va) = T {Ax-t(a X))/}

fix toString: Va: 2. « — string.
= Aa:Q.
typecase[Ay:Q. v — string] « of
int = intToString
string = Ax:string.
X = AB1:QAB2:Q Az 51 X Pa.
toString [51] (x.1) ~ toString [32] (x.2)
= AB1: QUL AB2 Q. Az B — Ba. “function”
= A+)(. AB:x — Q. Ax:VY[x] B. “polymorphic”
= AB:Vx. Q. Az :V+[)'. “kind polymorphic”
= AB:Q2 — Q. Ax:p B.
toString [3 (p )] (unfold[3] z)

T < |

Figure6: ThefunctiontoString

In this syntaxthe Eq type operatoiis definedas:

Eq (int)
Eq (a1 x a2) = Eq(a1) x Eq(a2)
Eq (a1 — a2) = Void
(
(

int

V(x]a) = Void
Eq (V' ) = Void
Eq (pa) = p(Aa1:Q.Eq (a (Place a1)))

NotethatEq ((int — int) x (int — int)) reduceso (Void x
Void); a more complicateddefinition is necessaryo map this
typeto Void.

As anexampleof thetermlevel analysisn A” ™, considetthe
functiontoString shavn in Figure6. This functionuseghetype
of avalueto produceits string representation(\We addthe base
type string to the language). We assumea primitive function
intToString that convertsanintegerto its string representation,
anduse” to denotestringconcatenation.

Thelanguagekf”r hasthe following properties.The proofs
aresimilarto the proofsfor thelanguage\! in [13].

Proposition 3.1 (Strong Normalization) Reduction of well
formedtypesis stronglynormalizing

Proposition 3.2 (Confluence) Reductiorof well formedtypesis
confluent.

Proposition 3.3 (Type Safety) If - e: 7, theneithere isavalue
or ther existsa terme’ suc thate ~» ¢’ andk ¢ : 7.

3.1 Typeanalysisin A7

In our previous work [13], we proposedhe Ianguage)\f2 which
supportghe analysisof recursve typeswithout ary restrictions.
However, theresultinglanguageyetscomplex andthetranslation
into a CWM framework is not clear Therefore type analysisin
/\f T is restrictedin two ways. First, the Typerec operatormust
returnatypeof kind Q2. Secondtheresultof analyzingarecur
sivetypeis alwaysarecursve type. We believe thattheserestric-
tions do not reducesignificantlythe usefulnes®of the language
in practice.



Themainpurposeof Typerec is to provide typesto typecase
terms; every branchof the Typerec typesthe corresponding
branchof the typecase. Sincethe type of a termis always of
kind €2, the resultof the Typerec mustalsobe of kind €2. Thus,
in practice,a Typerec will beemplgyedto form typesof kind €.

In some casesa Typerec is used to enforce typing
constraints—forexample, in the caseof polymorphicequality
above, a Typerec wasusedto expressthe constraintthatthe set
of equalitytypesdoesnotincludefunctionor polymorphictypes.
In thesecaseghe Typerec merelyverifiesthat aninput typeis
well formed,while preservingts structure.This meanshatthe
Typerec will maparecursve typeinto arecursve type.

Otherapplicationsof type analysisalsofollow this pattern.
Considera copying collector[14]. The copy functionwould use
a Typerec to expressthatdatafrom a particularregion hasbeen
copiedinto a differentregion. Sincethe structureof the datare-
mainsthe sameafter being copied,a recursve type would still
be mappednto arecursve type. The sameholdstrue while flat-
teningtuples. Flatteninginvolvestraversingthe input type tree,
andcorverting every tupleinto the correspondindlattenedtype;
thereforethe structureof theinputtypeis presered.

3.2 Limitations of type analysis in AY+

The approactoutlinedin this sectionallows the analysisof re-

cursive typeswithin the term languageand the type language,
butimposesseverelimitationsoncombiningtheseanalysesOne
canwrite apolymorphicprinterthatanalysesypesatruntime,or

onecanwrite atypeoperatorlik e Eq, to enforceinvariantsatthe

type level. However, it is not possibleto write a polymorphic
equalityfunctionthatanalyzegypesat runtimeandhasthetype

Va:Q.Eqa — Eq a — bool. Thereasons thatwhentherecur

sive type Eq (p7) is unfolded,the resultis Eq (7 (Place (p7))).

Theequalityfunctionmustnow analyzethetyper (Place (pT)),

which requiresit to analyzea Place type. However, the corre-
spondingbranchof the typecase canonly containa divergent
term. The root of the problemlies in defining Place asa con-
structorfor kind 2. The solutionmight requireanautomaticun-

folding of arecursve typewhenit is beinganalyzedattheterm

level; theresultinglanguagesxceedshe scopeof the currentpa-

per Remwing recursve typesfrom the languageagainallows

fully generaktypeanalysis.

4 The target language \%

Figure 7 shaws the syntaxof the A% language. To male the
presentatiorsimpler we will describemary of the featuresin
the context of thetranslationfrom AZ .

4.1 The analyzable components in A%

In AL, thetype calculusis splitinto typesandtags: While types
classifyterms tagsareusedfor analysis We extendthekind cal-
culusto distinguishbetweerthetwo. Thekind Q2 includestheset
of types,while thekind T includesthe setof tags.For every con-
structorthatgenerateatypeof kind €2, we have acorresponding
constructorthatgenerates tag of kind T; for example,int cor

kinds) ku=Q | T|k—r Vx. k
( X | vx
(types) T u=int| — |V |V |p|Pl|R
| Bioe | T | Ty | Tp | T | Tt | T
| a| Ax.7 | 7[x] | AT | 77
| Tagrec 7 of (Tine; 7—5 Tv; T; Tx)
(values) v u= 1 | A+X.v | Aa:k.v | Az:Toe | fixz:T. v

| fold[] v
| Rine | R | R[] | R [7]v
| Ro[r]v [7"}+ | R [Tlrv [7']v' )
| Ry | Ry[s] | Ry[s] [r] | Rv ] [7][r]
| Ry[x] [r][r']v
| Rgr | Rt l7] | Ryr [7]0
| Ru | Rulr] | Rulr]v
| Ryt | Rpu[7] | Rpe [r]w
| Rp [ Relr] [ Ry [rlo
=v| x| e[kcr | e[r] | e€
| fold[r] e | unfold[T] e
| repcase[7] e of (eint; e—; ev; e s €R; €pu; epl)

(terms) e

Figure7: Syntaxof the \L language

respondgo T;,x and — correspondso 7-,. The type analysis
constructatthetypelevel is Tagrec andoperate®nly ontags.

At thetermlevel, we addrepresentationfor tags. Theterm
level operator(now called repcase) analyzestheserepresenta-
tions. All the primitive tagshave correspondinderm level rep-
resentationsfor example, i is representethy Ri.:. Givenary
tag,thecorrespondingermrepresentationanbe constructedn-
ductiely.

4.2 Typing term representations

Thetype calculusin A% includesa unarytype constructorR of
kind T —  to type the term level representations Given a
tagT (of kind T), thetermrepresentationf ~ hasthetype R .
For example,Rint hasthe type R Tin:. Semantically R 7 is in-
terpretedas a singletontype that is inhabitedonly by the term
representatioof 7 [3].

If thetagT is of afunctionkind x — &', thenthetermrepre-
sentatiorof 7 is a polymorphicfunctionfrom representationto
representations:

Ry (T) =VB:k. Ry (ﬁ) — Ry (Tﬁ)

However a problemarisesif 7 is of avariablekind x. Theonly

way of knowing thetype of its representatio®,, is to construct
it when x is instantiated. Henceprogramstranslatedinto A%

must be suchthat for every kind variabley in the program,a
correspondingypevariablea,, representinghetypeof theterm
representatiofor atagof kind y, is alsoavailable.

This is why we needto extendthe CWM framework. Their
sourcdanguageloesnotincludekind polymorphismitherefore,



Q=T
Ix| = x

|k — K| = [K| — |K']
IVx. k| = Vx. (x — Q) — |x]

Figure8: Translationof A" kindsto A% kinds

they can computethe type of all the representationstatically
This is also the reasonthat we needto introducea new set of
primitive type constructorandsplit the type calculusinto types

andtags. Considerthe V andthe‘ftype constructorsn Af’*.
TheV constructoindsakind . Whenit is translatednto A%,
the translatedconstructomustalso, in addition, bind a type of
kind Kk — €. Therefore,we needa nen constructorly,. Sim-
ilarly, the ¥ constructorbinds a type function of kind Vy. Q.
Whenit is translatedinto Aﬁ, the translatedconstructormust
bind a type functionof kind |Vx. €2|. (SeeFigure8.) Therefore,
we introducea new constructorT, +. Furthermorejf we only
have Q2 astheprimitive kind, it will nolongerbeinductive. (The
inductive definition would breakfor 7, ,+). Thereforewe intro-
duceanew kind T (for tags),andallow analysisonly overtags.

This leadsus to the kind translationfrom Af* to A% (Fig-
ure8). Sincethe analyzablecomponenbf A% is of kind T, the
Af* kind Q2 is mappedto T. The polymorphickind V. x is
translatedo V. (x — ©) — |x|. Notethatevery kind variable
Xx mustnow have a correspondingypevariablea, . Givenatag
of variablekind y, thetype of its termrepresentatiors givenby
o . Sincethetypeof atermis alwaysof kind €2, thevariablea,,
hasthekind xy — .

Lemma4.1 |k{x'/x}| = |s/{|K'|/x}

Proof By inductionoverthe structureof . O

Figure9 shavsthefunction R,.. Supposer is a Af”r typeof
kind x and|r| is its translationinto A%. Thefunction R,, gives
thetype of thetermrepresentationf |7|. Sincethis functionis
usedby thetranslatiorfrom Af* to AL, it is definedby induction
on AP kinds.

Lemma4.2 (RN){|K/|, Rn’/X/a OéX/} = Rn{n’/x’}

Proof By inductionover the structureof . O

Theformationrulesfor tagsaredisplayedn Figure10. Since
thetranslationmaps)\ﬁD * type constructorgo thesetags,a type
constructorof kind « is mappedo a correspondindag of kind
|k|. Thus,while the V type constructorhasthe kind V. (x —
Q) — Q, thely taghasthekindVy. (x = Q) = (x = T) —
T.

Figure 10 also shavs the type of the term representation
of the primitive type constructors. Thesetypesagreewith the
definition of the function R,; for example,the type of R_. is
Ro_q—q (T-). Thetermformationrulesin Figure 10 usea
taginterpretatiorfunctionF thatis explainedin Section4.4.

EFA EAFay : x—Q
EEAFRo=R:T—Q EEAFRy=ay : x— 0
EAFRc=7: EAFR =71 || —=Q

E;AF Ry = Aat|k — K| VB:|k|. T8 — 7' (af)

Dk =K —Q

Ex;Ajay:x = QF R =71 |k — Q

k| — Q2

E;AF Ryy. . = /\a:|Vx.K|.V+X.VaX:X — Q.7 (ax]ay)
2 Vx. k] — Q

Figure9: Typesof representationat higherkinds

4.3 Tag analysis in AL

We now considerthetaganalysisconstructsn moredetail. The
termlevel analysisis doneby the repcase construct.Figure 10
andFigurellshaw its staticanddynamicsemanticsespectiely.

The expressionbeinganalyzedmustbe of type R 7; therefore,
repcase always analyzesterm representatiorof tags. Opera-
tionally, it examinesthe representatiorat the head,selectsthe
correspondindgranch,and passeshe component®f the repre-
sentatiorto the selectedbranch. Thustherule for analyzingthe
representationf a polymorphictypeis

"
rencaselr] Ro b Il IPAD O o e o] ] 7] ()

€int; €—; €v; e\fh €R; €u; €Epl
Type level analysisis performedby the Tagrec construct. The
languagemustbe fully reflexive, so Tagrec includesan addi-
tional branchfor the new type constructorl;. Sinceonly the
kind of T}, containsthe kind T in a doubly-ngative position
(Figure 10), we candefine Tagrec asan iterator over the kind
T, andtreatT), specially(like thep constructoiin Af*).

Figurel2shavsthereductiorrulesfor the Tagrec, whichare
similar to the reductionrulesfor the sourcelanguageTyperec:
givenatag, it callsitself recursvely on the componentof the
tag andthenpasseghe resultof the recursve calls, alongwith
the original componentsto the correspondindranch. Thusthe
reductionrule for thefunctiontagis

Tagrec (T 77') of (Tint; T3 Tvi Tyt Tp) ~
7 77" (Tagrec 7 of (Tint; 75 Tv; Tts Tp))
(Tagrec 7' of (Tin; T—; Tv; Tts Tr))

Similarly, thereductionfor the polymorphictagis

Tagrec (Ty [k] 7 T) of (Tint; T3 T3 Tyt TR) ~
v [K] T T (Av: K. Tagrec (7 @) of (Tine; 7—; 7v5 Tps Tx))

Recursie tagsarehandledn amannersimilarto recursve types
in AP, The resultis constrainedo be a recursie tag. The
analysisproceeddlirectly to the body of the tag function, with
the boundvariableprotectedundera T, tag, which is theright
inverseof Tagrec.

Thereductionrulesalsoincludearule for the Pl constructar
ThePI constructoiis usedto handlerecursve tagsin the F func-
tion (Section4.4). This constructolis againanimplementation



Typeformation E£;AkFT: &
EFA
EAFR :T—Q
EAFPL 1 Q—T
EAF T : T
EAFT, . T—-T—=T
EAFTy :Vx.(x—= Q) —=(x—=T)—=T
EAFTH: (VX (x =) —=T)—=T
EAFT, : (T>T)—=T
EAFTy : T—T
EAFT, : T—=T
EAFT T
EAFTine : T
EAFT, : T>T—->T->T->T
EAFTy V. (x—= Q) = (x—=T) = (x—=T) =T
EAFTH: (WX.(x—=Q)=T) = (¥x.(x—=2)—=T)—=T
EAFT, : T—=T=T

E; A+ Tagrec 7 of (Ting; T—; Tv; Tt Tp) T

Termformation E;AN;TFEe: T|

E;ART

: Rﬂnt

: Ro—o—a (T-)

: Ryy. (x—y—a (T%)

: Ry o)—a (L)
TR, : Ro_q(T,)

: : Rioa)—a (Tu)
;AT E Ry Ramo (Thr)
EAFT : T—=T &Al'ke: F(r(TuT))

E; AT Hfold[r] e : F(LuT)

EAFT T—>T E;ATFe: F(LuT)
E;A;T Funfold[r] e : F (7 (T, 1))

EAFT:T—=Q
EANTFe :RT
E;ATF eine 71t
EATHe. : Var:T.Ra1 —» Vas:T.Raz — 7 (T a1 az)
EATFey 1 Vx.Vay:x — Q.

Va:x — T. Ry—a (a) — 7 (T [x] ay @)
EAT e YaiVyx.(x = Q) = T. Rux.a (o) = 7 (T r @)
EiAThRe, : YVa:T.Ra— 7 (1 )
E;ATFe, : Va:T = T.Rooq(a) = 7 (T )
E;AThey : Va:T.Ra— 7 (Tp )

!
E; AT - repcase[7] e of (eint; €—; ev; et €R; eus epr) @ TT

Figure10: Formationrulesfor thenew constructsn A%

repcase[7] Rint of (€int; €—; ev; €yts €R; ey €pl) ~ €int
repcase[7] R, [11] (e1) [2] (e2) of

(€int; €3 evi eyrs €r; eus ept) ~ e [T1] (e1) [T2] (e2)
repcase[r] Ry [k] [x] [7] (¢/) of

n

(€int; €—3 ev; eur; €r; eus ept) ~ ey [K] 1] [T'] (¢)

repcase[7] R+ [7'] (¢/) of (eint; e—; ev; et; €R; eus ept) ~
e+ [m'](€)

repcase[7] R, [T'] (€') of (eint; €—; ev; et; er; epu; epr) ~
er 7] (€)

repcase[7] Ry, [T'] € of (eint; e—; ev; er; er; eu; ept) ~
ew[r'] (€)

repcase[7] Ry [7'] (¢') of (eim; e—; ev; er; €R; eus epr) ~
ept [T] (€')

Figure11: Selectedermreductionrulesof AL

artifactin AL andhasno counterparin the sourcelanguagelts

reductionrule will never be usedin a programtranslatedfrom
AT

4.4 The tag interpretation function

Programsn A% passtagsat runtimesinceonly tagscanbeana-
lyzed. However, abstractionsandthefixpoint operatomuststill
carrytypeinformationfor type checking.Thereforetheseanno-
tationsmustusea function mappingtagsto types. Sincethese
annotationsare always of kind €2, this function mustmaptags
of kind T to typesof kind €2. This implies thatwe canusean
iteratorover tagsto definethefunctionasfollows:

F (Tint) int
F(T‘, 1 ()12) F(()q) — F(()zz)
F(Ty[x]aya) = VB:x.ax 3 — F(af)

F (T4 ) = Vx.Vay:x — Q. F(a]x] ay)
F(Tia) = pOAG:O.F(a(PIB)

F (Pl ) = «

F(T, @) = int

F (T o) = int

ThefunctionF takesatypetreein the T kind spaceandconverts
it into the correspondingreein the Q2 kind space. Therefore,
it convertsthe tag Tin to thetypeint. For the othertags,it re-
cursiely convertsthe componentsénto the correspondingypes.
The branchedor the T, andthe T},; tagsare bogusbut of the
correctkind. The language)\;, is only intendedas a target for
translationfrom Af*—the only interestingprogramsin A% are
theonestranslatedrom A\”'*; thereforethe T, branchof F will

remainunused. Similarly, sincethe sourcelanguagehidesthe
Place constructorcompletelyfrom the programmerit doesnot
appearin Af* programs;hencethe T,,; branchof F will also
remainunused.



E; A+ Tagrec Tine of (Tint; 75 Tv; 75 Tp) = T

E; A+ Tagrec Tine of (Tine; T—; Tv; Tk Tp) ™~ Tt © T

E; At Tagrec 71 of (Tint; 7 Tv; Tps Tp) ~> 711 = T
E; A+ Tagrec 72 of (Tint; 7 Tv; Tps Tp) ~> 75 0 T

E; A+ Tagrec ,(Tf 71 72) of (Tint; T—3 Tv; Tyts Tr)~
TLTIT2Ti Ty ¢ T

E; A, a: k' = Tagrec (12 @) of (Tint; T—; Tv; Tk Tr) ™~
T

E; A & Tagrec (T [K'] 71 72) of (Tine; T Tws Trs Tp) ~
v [k ]2 (A7) 0 T
ExiAyayix — QF
Tagrec (7 [x] ay) of (Tint; 75 Tv; T Tp) 7' = T

E; A Tagrec (Tr 7) of (Tine; T—; Tv; Tts Tr) ~
T4 T (Ax day:ix = Q.7) = T

E; A& Tagrec 7 of (Tine; T—; 7vi T Tp) ~> 7' 2 T

E; A& Tagrec (T, 7) of (Tint; T—; Tv; Tt Tp) ~
TeTT T
EA a:TH
Tagrec (7 (T @) of (Tim; T3 Twi T T) 7' 2 T

E; A F Tagrec (T, 7) of (Tie; T3 Tv; T Tp) ~
T, (Aa:T.7") = T

E; A& Tagrec (Tpi 7) of (Tine; T—; Tws Tws Tp) = T

E; A& Tagrec (T 7) of (Tint; T—; Tv; Tw; Tp) ~> 7 0 T

&; A+ Tagrec (PI7) of (Tim; T—; Tw; Tuws o) = T

E; A& Tagrec (PIT) of (Tint; 7—; Tv; Tup; Tp) ~> PlT 0 T

Figure12: Reductiorrulesfor A%, Typerec

Thetypeinterpretatiorfunction hasthefollowing properties.
Lemmad4.3 (F (7)){7'/a} = F ({7 /a})

Proof Followsfrom thefactthatnoneof thebranche®f F has
freetypevariables. o

Lemma4.4 (F(7)){x/x} =F(7{x/x})

Proof Followsfrom thefactthatnoneof thebranche®f F has
freekind variables. ]

Thelanguage\k, hasthefollowing properties.

Proposition 4.5 (Type Reduction) Reductionof well formed
typesis stronglynormalizingand confluent.

Proposition 4.6 (Type Safety) If - e: 7, theneithere isavalug
or there existsa terme’ such thate ~» e’ and ¢’ : 7.

laf =
lint] = Tint [Ax. 7| =Ax. Aoy :x — Q. 7|
|—=|=1- 7[RIl = 7] [Ix] R
V| =Ty [Aaik. 7| = At || |T]
+
IV =Tx Ir o' =|r||’]
lu| = T, |Place| =Ty

[Typerec 7 of (7int; T—; Tv; Tr)| =
Tagrec |7| of (|7ine|; |75 |7wl; [l At T AT | Tine|)

Figure13: Translationof A7 typesto A% tags

li| =
lz| ==
|A+X.v| = A+X.Aax ix — Q. |y

+ +
lels] | = lel [|]]" [Ri]
[Aa:k.v| = Aa:|K|. Aza : R c. |0
le[7]] = lel [ITI] R(7)
[Ax:T.e| = Ax:F|7]|. €]

le€’| = le| €|
[fixz: 7. 0] = fixx:F|7]|. |v|
fold[] e = fold[|]] |
|unfold[7] e] = unfold[|7]] |e]
|typecase[7] 7' of (eint; e—; ev; e r; ep)]
= repcase[Aa: T.F (|7| a)] R(7') of
Rint = |6int|
R_ = e—]
Ry = |€v|
Rwé |6W|
Ry = AB:T. Az:RB.fixaz:F (|7 (T, 8)). =
Ru = leul
Ry = AB:T. Az:RB.fixz:F (7] (T 3)). =

Figure14: Translationof A" * termsto A% terms

5 Translation from A7 to AL

In this sectionwe shaw atranslatiorfrom AX* to A%;. Thelan-
guagediffer mainly in two ways. First, the type calculusin A%

is splitinto tagsandtypes,with typesusedsolelyfor typecheck-
ing andtagsusedfor analysis. Therefore type passingn )\f +

will getcorvertedinto tagpassingn A%. Secondthetypecase

operatofin Af* mustbe convertedinto a repcase operatingon
termrepresentatioof tags.

Figure 13 shaws the translationof A" typesinto A% tags.
The primitive type constructorsget translatedinto the corre-
spondingtag constructors. The Typerec getscorvertedinto a
Tagrec. Thetranslationinsertsanarbitrarily chosenwell-kinded
resultinto the branchfor the T', tagsincethe sourcecontainsno
suchbranch.

Thetermtranslationis shavn in Figure 14. The translation



§R(int) = Rint
R(—) =Aa:T.Azq:Ra. AB:T. Azg: R 3.
R [a] (za) [8] (5)

R(V) = A+X. Aay:x = Q. Aa:x — T.Azq: Ry—a ().

. Rl ox] [o] ()
R(V) =Aa:(Vx. (x = Q) = T). Aza: Ryy. o ().
R lo] (wa)
R(p) = Aa:T — T.Xag: Ra—a (). Ry [ (zq)
R(Place) = Aa: T. Aza: R a. Ry [@] (za)
R(a) = za
R(Ax.T) = A+x. Aay:x — Q.R(7)
R(r []) = R(r) [|5]]" [Rx]
R(Aa:k.7) = A |kl Aza: R o R(T)
R(r7') = R(7) [I7'l] (R(7"))
R(Typerec 7 of (Tint; T—5 Tv; Tt)) =
(fixf:Va:T.Ra — R (7" «).
Aa:T. Azo:Ra.
repcase[Aa: T. R (7% a)] zo of
Rint :>§R(7_int)
R =Aa:T. Aza:Ra. AB:T. Axg: RS3.
R(7-) o] (za) [8] (2p)
. [l (fle]za) (77 51 (F[B] 25)
Rv = A x.Aay:x — Q. Aa:x — T.Azq: Ry—a ().
R(rv) (] o] [0] (za) (V32X 7° (@ 9)]
(AB:x-Axg:ay B.-flaf] (za [B] z5))
R = Aa:(Vx. (x — Q) = T). Aza: Ryy. 0 (a).
%(I\ﬁ) [a] (za) [Ax- Aay:ix — Q.77 (g [x] ax)]
(A x- Aay:x — Q. fla [x] ax] (za [X] [ond))
R, = Aa:T. Az : Ra. R(Tint)
Ry = Aa:T — T.Aza: Rao—a ().
Ry [AB:T.7% (o (T B))]
(AB:T.Azg:Rp.
Flo (T B)] (za [Tor B] (Rpi [8] (2))))
Rpt = Aa:T. Azo:Ra. zq)
[I=1]
R(7)
where
75 = |Aa: Q. Typerec a of (Tint; T—; Tv; Tv+)|

Figure15: Representationf A+ typesas\k terms

must maintaintwo invariants. First, for every accessiblekind
variabley, it addsa correspondingype variablea,; this vari-
ablegivesthetypeof thetermrepresentatiofor atagof kind .
At every kind application,the translationusesthe function R,
(Figure9) to computethis type. Thus, the translationsof kind
abstractiongindkind applicationsare

A 0] = A Aasix — ol Je[s]] = le] [I]]"

[Ry]

Secondfor every accessibléype variablea, atermvariablez
is introduced,providing the correspondingerm representation
of a.. At everytypeapplication thetranslationusesthefunction
R(7) (Figure 15) to constructthis representationFurthermore,
type applicationgetsreplacedby anapplicationto a tag, andto

thetermrepresentatioof thetag. Thusthetranslationgor type
abstractionaindtypeapplicationsare
|Aa:k.v| = Aa:|kl. Aza : Re o |v|  e[T]] = |e] [|7]] R(T)

As pointedout before thetranslationof abstractiorandthe

fixpoint operatolusethetaginterpretatiorfunctionF to maptags
to types.

We shaw the termrepresentationf typesin Figure15. The
primitive type constructorsget translatedto the corresponding
termrepresentationThe representationsf type andkind func-
tionsaresimilarto thetermtranslationof typeandkind abstrac-
tions. The only involved caseis the term representatiorof a
Typerec. SinceTyperec is recursve, we usea combinationof
arepcase anda fix. We will illustrate only one casehere;the
othercasesanbereasonedboutsimilarly.

Considerthe reductionof Ty (7" — 7"’), whereTy 7 stands
for Typerec 7 of (7im; 7—; 7v; 7y+). This type reducesto
7 ' " (Ty (")) (Ty (")) . Therefore,n the translation the
term representatiorof 7—, must be appliedto the term repre-
sentationof 7/, 7/, andthe resultof the recursve calls to the
Typerec. Therepresentationsf 7/ andr” areboundto thevari-
ablesz, andzg; by assumptiorthe representationfor the re-
sultsof therecursve calls are obtainedfrom the recursve calls
to thefunctionf.

In thefollowing propositiongheoriginal Af* kind environ-
mentA is extendedwith akind ervironmentA(€) which binds
atypevariablea,, of kind x — € for eachy € £. Similarly
the term-level translationsextend the type environmentI™ with
I'(A), bindingavariablex, of type R, « for eachtypevariable
«a boundin A with kind .

Proposition5.1 If £&A + 7 & holds in A", then
IEl; |Al, A(E) || : |&| holdsin AL.

Proof Followsdirectly by inductionoverthe structureof ~. O

Proposition5.2 If £&;A + 7 : kand&; A F T holdin AP,
then|€: |A], A(€):[T], T(A) - R(7) : Ru|r| holdsin AL,

Proof By inductionover the structureof . The only inter-
estingcaseis that of a kind applicationwhich usesLemma4.2.
O

Proposition5.3 If £&;A;T F e : 7 holdsin AP, then
I€]; |Al, AE):|T], T(A) F |e| : F|r|holdsin A%.

Proof Thisis provedby inductionoverthestructureof e, using
Lemmas4.3and 4.4. m|

6 The untyped language

This sectionshaws thatin A% typesarenot necessaryor com-
putation.Figure16 shavs anuntypedanguage\,°. We shav a
translationfrom A% to A% in Figure17. Theexpressiorl is the
integerconstanbne.



(values) v == i | Az.e | fixz.w | fold v

| Rt | R | RL1 | Ro1w
| Ro1vl | Ro1vld

| Ry | Ryl | Ry11l | Ry1l11l
| Rylllw

| Ry | Rul | Rylw

| Rpl ] Rpll | Rpll’U

| Rg | Rg1 | Rz1w

(terms) e u=wv | x| e’ | folde | unfold e
| repcase e of (eint; €—; €v; eur; €R; €us €pl)

Figure16: Syntaxof theuntypedanguage\s°

i° =i Rv® = Ry
(Ax.0)” = A’ (Ry[xl) =Ry
(Aa:k.v)° = Av° (Ry[x] [r]) =Ry1ll
o e, Rl ) = Ry 111
(fold[r] €)° = fold e ¢ [][T”ngoffﬁvlllé
(unfold[7] e): = unfold €° (R [Vj; _ Rz: 1
(els]) =e1 R Trle) = Rosle?
(elrl)® = o1 R R
(eer)” =e"er” (R, [7])" = Ry 1
Rint® = Rint (Ru [7] e)o =Ryle°
RHO =R~ Rplo = Rpl
(R =R-1 (Rt [7])° = Ry 1
(R-[r]e)” =R 1e° (Rt []€)° =R le
(Ro [Fe[r)° =R_1e°1 R.° =R,
(R-[rlelr]er)’ = (R, [7])° =R, 1
Ro1le®les” (Rp [r]e)” =R, 1e°

(repcase[T] e of (eint; e—; ev; e+ €r; ey epr))” =
repcase e of (eint”; e—°; ev®; er”; er’; eu’; ep”)

Figure17: Translatiorof A% to A%°

Thetranslationreplacegype andkind applicationgabstrac-
tions) by a dummy application(abstraction)jnsteadof erasing
them. In thetypedlanguagea type or a kind canbe appliedto
a fixpoint. This resultsin an unfolding of the fixpoint. There-
fore, the translationinsertsdummyapplicationsto presere this
unfolding.

The untyped languagehas the following property which
shavs thattermreductionin A%° parallelstermreductionin \%.

Proposition 6.1 If e ~+* e1, thene® ~* e;°.

11

7 Related work and conclusions

Our work closely follows the frameavork proposedn Crary et
al. [3]. However, aswe pointedbefore,they consideralanguage
thatanalyzesnductively definedtypesonly. Extendingthe anal-
ysisto arbitrarytypesmalesthetranslationmuchmorecompli-
cated.The splitting of thetype calculusinto typesandtags,and
defininganinterpretatiorfunctionto mapbetweerthetwo, is re-
latedto theideasproposedy CraryandWeirichfor thelanguage
LX [2], which providesarich kind calculusanda constructfor
primitiverecursiorovertypes.Thisallowstheuserto definenew
kindsandrecursve operationover typesof thesekinds.

Thisframevork alsoresembleshedictionarypassingstylein
Haslell [12]. Thetermrepresentationf atypemaybeviewedas
the dictionary correspondingdo the type. However, the authors
considerdictionary passingin an untypedcalculus; morewer,
they do not considerthe intensionalanalysisof types.Duboiset
al. [4] alsopassexplicit type representations their extensional
polymorphismscheme.However, they do not provide a mecha-
nismfor connectinga typeto its representationMinamide’s [8]
type-lifting proceduras alsorelatedto our work. His procedure
maintainsnterrelatedconstraintdetweertypeparametershow-
ever, hislanguagedoesnot supportintensionatype analysis.

Duggan[5] proposesnotherframewnork for intensionatype
analysis.His systemallows for the analysisof typesat theterm
level only. It addsa facility for defining type classesand al-
lows type analysisto be restrictedto membersof suchclasses.
Yang [15] presentssomeapproachego enabletype-safepro-
grammingof type-indexedvaluesin ML whichis similarto term
level analysisof types. Aspinall [1] studieda typed A-calculus
with subtypesandsingletontypes.

Necula[11] proposedhe ideaof a certifying compilerand
shavedthe constructionof a certifying compilerfor a type-safe
subsebf C. Morrisettetal.[10] shavedthatafully typepreserv-
ing compiler generatingtype safeassemblycodeis a practical
basisfor a certifying compiler

We have presentec framework thatsupportghe analysisof
arbitrarysourcdanguageypes but doesnotrequireexplicit type
passing.Instead term level representationsf typesare passed
atruntime. This allows theuseof termlevel constructgo handle
typeinformationatruntime.
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A Thelanguage \” "

In this section,we compare)\j.D+ with the languagegproposed
in [13], speciallyfor thoseunfamiliar with the previouswork.

Thelanguage\f”r is asimplificationof thelanguage\f2 pro-
posedn [13] which allows unrestrictedypeanalysis.In )\?, the
resultof the Typerec is not restrictedto be of kind €2; morewer,
while analyzinga recursve type, the Typerec is notrequiredto
returnanothemrecursve type. Thekind andtype calculusof )\?
is shavn below, while thetermcalculusis identical.

(kinds) K u= x| bk | k=K | Vx. K
(types) T == a |int | = |V | v i | Place

| Aa:k.m | 77" | Ax.7 | T[K]
| Typerec 7 of (Tine; T Tv; Tt Tu)

To allow generatype analysis)\g2 usesparameterizedtindstx.
Thekind Q is thenmodeledasVy. jx. The Typerec analyzes
typesof kind tx, andreturnsatypeof kind . (Referto [13] for
details). The presenceof parameterizedinds complicatesthe
systemand malesthe translationinto a type erasuresemantics
unclear
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Ontheotherhand,thelanguage\!” [13] shawn below hasa
translationinto atype erasuresemanticsThis languagesupports
fully generalanalysisof polymorphictypes.

(kinds) Kk u=Q | k—r | x| VXK

int | — | V| v

a| Ax.7 | k.t | T[] | TT
Typerec 7 of (Tint; T—; Tv; TV+)

(types) T =

(values) v =1 | A+X.e | Aa:k.e | Ax:T.e | fixx:T.v

(terms) e == v | x | e[nr | e[r] | e€

| typecase[T] 7’ of (eint; €—; ev; er)
Therefore to supportfully reflexive type analysisin a type era-
suresemanticswe mustbaseour languageon A”. Accordingly
to arrive at Af*, we augmenthe type calculusof AT with re-
cursie typesandrecursve type analysis. Correspondinglywe
extendthe term calculusof A with fold andunfold operators,
and add a branchfor recursve typesto the typecase operator
This, in turn, requiresthat we restricttype analysissuitably to
ensureasoundanddecidableype system.



