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Abstract

Compilersfor polymorphiclanguagesmustsupportruntimetype
analysisoverarbitrarysourcelanguagetypesfor codingapplica-
tions like garbagecollection,dynamiclinking, pickling, etc. On
theotherhand,compilersareincreasinglybeinggearedto gen-
eratetype-safeobjectcode.Therefore,it is importantto support
runtimetypeanalysisin a framework thatgeneratestypecorrect
objectcode.In thispaper, weshow how to integrateruntimetype
analysis,over arbitrarytypesin a sourcelanguage,into a system
thatcanpropagatetypesthroughall phasesof compilation.

Keywords: runtimetypeanalysis,type-safeobjectcode

1 Introduction

Modern programmingparadigmsincreasinglyrely on applica-
tions requiring runtime type analysis, like dynamic linking,
garbagecollection,andpickling. For example,Java adoptsdy-
namic linking andgarbagecollection as centralfeatures. Dis-
tributed programmingrequiresthat codeand dataon one ma-
chinebe pickled for transmissionto a different machine. In a
polymorphiclanguage,the compilermust rely on runtimetype
informationto implementtheseapplications.Furthermore,these
applicationsmayoperateon arbitraryruntimevalues;therefore,
the compilermustsupportthe analysisof arbitrarysourcelan-
guagetypes. We term this ability of analyzingarbitrarysource
languagetypesasfully reflexive typeanalysis.

Ontheotherhand,oneof theprimarygoalsof amoderncom-
piler is to generatecertifiedcode. A certifying compiler[11] is
appealingfor a numberof reasons.We no longerneedto trust
the correctnessof the compiler; instead,we canverify the cor-
rectnessof the generatedcode. Checkingthe correctnessof a
compiler-generatedproof (of aprogramproperty)is mucheasier
thanproving thecorrectnessof thecompiler. Moreover, sincewe
canverify codebeforeexecutingit, we areno longerrestricted(
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to executingcodegeneratedonly by trustedcompilers.A neces-
sarystepin building acertifyingcompileris to havethecompiler
generatecodethat canbe type-checked beforeexecution. The
typesystemensuresthatthecodeaccessesonly theprovidedre-
sources,makeslegal functioncalls,etc.

Therefore,it is important to supportruntime type analysis
(over arbitrarysourcelanguagetypes)in a framework that can
generatetype correctobject code. Crary et al. [3] proposeda
framework thatcanpropagatetypesthroughall phasesof compi-
lation. Themainideais to constructandpasstermsrepresenting
types,insteadof the typesthemselves,at runtime. This allows
theuseof pre-existing termoperationsto dealwith runtimetype
information.Semantically, singletontypesareusedto connecta
typeto its representation.Fromanimplementor’s point of view,
this framework (hereafterreferredto as the CWM framework)
seemsto simplify somephasesin a type preservingcompiler;
mostnotably, typedclosureconversion[9]. However, theframe-
work proposedin [3] supportstheanalysisof inductively defined
typesonly; specifically, it doesnot supporttheanalysisof poly-
morphicor recursive types.This limits theapplicabilityof their
systemsincemosttypeanalyzingapplicationsmustdealwith re-
cursive objectsor polymorphiccodeblocks.

In this paper, we extendtheCWM framework andencodea
languagesupportingfully reflexive typeanalysisinto this frame-
work. Thelanguageis basedonour previouswork [13]; accord-
ingly, it introducespolymorphismat thekind level to handlethe
analysisof quantifiedtypes.This requiresasignificantextension
of the CWM framework. Moreover, even with kind polymor-
phism, recursive typesposea problem. We deal with this by
suitablyconstrainingtheanalysisof recursive typesin thesource
language,andby usingan unconventionalrule for )+*�, -/./0$1$)+*�, -
expressionsin thetargetlanguage.

The rest of the paperis organizedas follows. We give an
overview of intensionaltype analysisin Section2. We present
thesourcelanguage243657 in Section3. Section4 shows the tar-
get language2 38 thatextendstheCWM framework. We offer a
translationfrom 2 3957 to 2 38 in Section5.

2 Intensional type analysis

HarperandMorrisett [7] proposedintensionaltypeanalysisand
presenteda type-theoreticframework for expressingcomputa-
tions that analyzetypesat runtime. They introducedtwo oper-



atorsfor explicit type analysis: : ;�<>=/?�@�A%= for the term level andB ;�<�=�C!=�? for thetypelevel. For example,apolymorphicsubscript
function for arraysmight be written as the following pseudo-
code: AD0$EGFIHKJMLN: ;�<�=�?�@�AD=�JO*�)P 1$:RQ P 1$:%A%0$EC!=�@�,/QSCT=/@�, AD0$EU QSE>*DV�=�-$AD0$EXW U9Y
Here AD0$E analyzesthe type J of the arrayelementsandreturns
theappropriatesubscriptfunction.Weassumethatarraysof typeP 1$: and CT=/@�, have specializedrepresentations,say

P 1$:�@�C!CT@%; andC!=�@�, @�C!C!@%; , andthereforehave specializedsubscriptfunctions;all
otherarraysusethedefault (boxed)representation.

Typing this subscriptfunctionis moreinteresting,becauseit
musthave all of the types

P 1$:%@�C!C!@%;[Z P 1$:\Z P 1$: , C!=�@�, @�C!C!@%;]ZP 1$:^Z_C!=�@�, , and E�*DV�=�-$@�C!CT@%;M`aJcbdZ P 1$:�ZeJ for J otherthan
P 1$:

and C!=�@�, . To assigna type to the subscriptfunction, we needa
constructat the type level thatparallelsthe : ;�<>=/?�@�A%= analysisat
thetermlevel. Thesubscriptoperationwould thenbetypedas

AD0$E fhg>JMLji�C!C!@%;k`aJcb^Z P 1$:^ZeJ
where i�C!CT@%;lF 2�JcL B ;�<>=�?/@�AD=�JR*�)P 1$:RQ P 1$:%@�C!C!@%;C!=�@�,/QSC!=�@�, @�C!C!@%;U QSE�*DV�=�-$@�C!CT@%; U

The
B ;�<�=�?�@�AD= in the above example is a specialcaseof theB ;�<�=�C!=�? constructin [7], whichsupportsprimitiverecursionover

types.

3 The source language 2 3957
Wedefinethesyntaxof the 243657 calculusin Figures1 and 2. The
staticsemanticsof 2 3657 usesthefollowing threeenvironments:

sortenvironment m fnfnF oIp4mcq�r
kind environment s fnfnF oIp�stq%Juf�v
typeenvironment w fnfnF oIpxwMq%yzfa{

Thedetailedtypingrulesaregivenin Figures3 and4 andtheim-
portanttermreductionrulesin Figure5. Thelanguage243957 ex-
tendsthelanguage2 37 proposedin [13] with recursivetypes,and
someadditionalconstructsfor analyzingrecursive types. This
sectiononly givesan overview of the language,the readermay
referto [13] for moredetails.

In the impredicative |X} calculus, the polymorphic typesg>J[f�v�L%{ canbe viewed asgeneratedby an infinite setof type
constructorsg�~ of kind `�v�Z��cb�Z�� , onefor eachkind v .
The type g�J�f9vxLT{ is thenrepresentedas g ~ `�2�J�f9vxL�{
b . The
kinds of constructorsthat can generatetypesof kind � would
thenbe P 1$:�f��Z Z f���Z���Z��g
�hf�`���Z��cbdZ��L�L�Lg ~ f�`�vtZ��cbdZ��L�L�L
We canavoid theinfinite numberof g�~ constructorsby defining
a singleconstructorg g of polymorphickind g�rKL/`ar[Z��cbdZ��

`����a�>����b v�fnfnF���pMvtZ�v���p
r�p�g>rcL�v
`�����������b {�fnfnF P 1$:upMZ Z�p�g g�p
g g/�up ,0�pd��, @�?/=p�J�p�HKrKL%{ p¡2�J¢f�vxLT{�p
{�W£v Y p
{c{ �p B ;�<>=�C!=�?�{�*�)4`a{$¤ ¥n¦D§${�¨©§�{�ª�§�{ ª � b
`�«�¬�¯®�����b±°�fnfnF³²´p�H � rKL�°µp
HKJ¢f�vxL�°µpM2�yzfa{4LT¶�pd·�V�y¸fa{4LT°pt)¹*�, -�º {9»�°
`�����¼j½¢��b¾¶�fnfnF³°¿p
yÀp
¶cW£v Y ��p�¶KW { Y p�¶
¶ �pt)¹*�, -�º {9»�¶�pd0$1$)¹*�, -$º {9»�¶pt: ;�<>=�?/@�AD=�º {�»�{ � *�)4`a¶�¤ ¥n¦%§�¶�¨©§�¶�ª�§�¶ ª � §�¶�Á�b

Figure1: Syntaxof the 2 3957 language

{©Ze{ ��Â `�`�Z Z]b�{
b�{ �g>Juf�vxLT{ Â `ag g\W£v Y bx`�2�Juf�vxLT{�b
g � rcLT{ Â g g � `¹HKrKL�{�b

Figure2: Syntacticsugarfor 2 3657 types

andtheninstantiatingit to a specifickind beforeforming poly-
morphic types. More importantly, this techniquealso removes
thenegativeoccurrenceof � from thekind of theargumentof the
constructorg�� . Hencein our new 2 3657 calculus(seeFigures1
and2), we extend | } with variableandpolymorphickinds (r
andg>rcLNv ) andadda typeconstantg g of kind g�rKL/`ar[Z��cb^Z��
to the type language. The polymorphictype g�Jµf9vxL%{ is now
representedasg g\W£v Y `�2�Juf�vxLT{�b .

While analyzingapolymorphictype,g g�W£v Y { , thekind v must
beheldabstractto ensureterminationof theanalysis[13]. There-
fore, the

B ;�<�=�C!=�? operatorneedsa kind abstractionHKrKL%{ in the
branchcorrespondingto the g g constructor. We provide kind ab-
stractionandkind application{�W£v Y at thetypelevel. Theforma-
tion rulesfor theseconstructs,excerptedfrom Figure3, are

m[Ã´s mKqTrX§�sÄÃ�{ fMv
mK§NsÄÃ�HKrKL�{¿f�g>rcL�v

mK§NsÅÃ�{¿f�g�rcL/v m[Ã´v �
mX§/sÄÃG{�W£v � Y f¡v � v ��Æ r �

Similarly, at the term level, the : ;�<>=�?/@�AD= operatormustanalyze
polymorphictypeswherethequantifiedtypevariablemaybeof
anarbitrarykind. To avoid thenecessityof analyzingkinds,the: ;�<�=�?�@�AD= mustbind a variableto thekind of thequantifiedtype

variable. Therefore,we introducekind abstractionHx��rcL�° and
kind application¶KW£v Y � at thetermlevel. To assigntypesto these
new constructsat the term level, we needa type level construct

g � rKL�{ thatbindsthekind variabler in thetype { . Theformation
rulesareshown below.

mcqTrX§�su§�w[Ã�°µf�{
mK§Nsu§�w�Ã\H4��rKL�°Çf�g/��rcLT{

mX§/su§%w[Ã�¶[f�g/��rcL�{Èm]Ã´v
mK§Nsu§�w�Ã�¶KW£v Y �Éf�{ � v Æ r �

Furthermore,sinceour goal is fully reflexive type analysis,we
needto analyzekind-polymorphictypesaswell. As with poly-
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Kind formation mIÃÊv

m]ÃÊ�
r[ËÌm
m]Ã�r

m[ÃÊvÍmIÃ©v �
m]ÃÊvtZÎv��

mcq!r[ÃÊv
m]Ã�g�rKL�v

Kind environmentformation m[Ã´s

m[Ã�o
m]ÃÊs m[ÃÊv
m]Ã´suq%Juf�v

Typeformation mK§/sÄÃ�{ f¡v
mIÃ´s

mX§/sÄÃ P 1$: fc�mX§/sÄÃÌ`�Z Z�b fc�ÉZ_�ÉZ_�mX§/sÄÃ�g g f�g�rKL/`ar[Z��cbdZ��
mX§/sÄÃ�g g�� fc`ag�rKL/�cb^Z��mX§/sÄÃ ,0 fc`��ÉZ_�cbXZ_�mX§/sÄÃt��, @�?�=Gfc�ÉZ_�

m[ÃÌs Juf�v in s
mX§/sÄÃGJ³fkv

m]ÃÌs mcq!rK§�sÅÃ�{¿f¡v
mX§�sÄÃ�HXrcL%{¿f�g�rcLNv

mK§�sÄÃ�{�f�g>rcL�vÏm]ÃÊv��
mK§/sÄÃ�{�W+v�� Y f¡v � v�� Æ r �

mX§/stq%J¢f�vtÃ�{ fMv �
mX§/sÄÃ©2�J¢f�vxL�{¿f¡vtZ�v �

mX§/sÅÃ�{¿f¡v � Z�vÍmK§NsÄÃG{ � fMv �
mX§/sÄÃ�{M{ � fkv

mK§�sÄÃ�{ fc�mK§�sÄÃ�{$¤ ¥¯¦�fc�mK§�sÄÃ�{�¨Îfc��Z���Z���Z���Z��mK§�sÄÃ�{ ª f�g�rKL/`ar[Z_�cbXZ_`ar[Z��cbdZ��mK§�sÄÃ�{ ª � fc`ag�rKL/�cbdZ�`ag�rKLN�cbdZ��mK§NsÄÃ B ;�<>=/CT=/?�{t*�)4`a{�¤ ¥¯¦D§�{�¨©§�{�ª�§�{ ª � bufM�
Typeenvironmentformation mK§NsÅÃ�w

m]Ã´s
mK§/sÄÃ�o

mX§�sÄÃ�wÐmK§/sÄÃ�{ fM�
mX§/sÄÃ�wcq%y¸fa{

Termformation mK§Nsu§�w�Ã�¶[f�{
mK§/su§�w�Ã�¶[f�{ÈmK§NsÄÃ�{tÑ_{ � fM�

mK§Nsu§�w�Ã�¶]f�{4�
mK§/sÄÃ�w

mX§/su§�w�Ã�²�f P 1$:
mK§�sÄÃ\wÒy¸fa{ in w
mX§/su§�w�Ã�y�f�{

mcq�rX§�su§�w[Ã�°µf�{
mK§Nsu§�w�Ã\H4��rKL�°Çf�g/��rcLT{

mK§Nstq�Juf�v>§�w�Ã�°Çf�{
mK§Nsu§�w�Ã�HKJuf�v�L�°Çf�g�J¢f�vxLT{

mK§Nsu§�wcq%y¸fa{ÊÃ�¶[f�{ �
mX§/su§�w�Ã´2�y¸fa{xLT¶[f�{ÓZ�{ �

mK§Nsu§�w�ÃG¶[f�g g � {Èm]Ã´v
mK§�su§Tw�Ã�¶cW£v Y � f�{�W+v Y

mK§/s¢§�w�Ã�¶[f�g g�W£v Y {ÈmK§NsÄÃG{ � fMv
mK§/s¢§�w�Ã�¶XW {x� Y f�{M{4�

mK§/s¢§�w�ÃG¶[f�{ � ZÔ{ÈmK§/su§�w�Ã�¶ � f�{ �
mK§/su§�w�Ã�¶�¶ � f�{
mK§Nsu§�wcq�y¸fa{©Ã�°Çf�{

{ÕF]g � r¡Ö6L�L�L�rd×xL%g>JkÖ�f�v4Ö6L�L/L�JKØ©f�v�Ø�L�{>ÖXZe{$ÙÚIÛÝÜ q%Þ ÛÝÜ
mK§/s¢§�w�Ã�·�V�yzfa{4L!°µf�{

mK§�sÄÃ�{�fc��Z��ÒmX§/su§%w�Ã�¶[f�{�` , 0�{�b
mX§/su§Tw�Ã�)¹*�, -�º {�»�¶[f ,0�{

mK§NsÄÃG{¿fM��Z_�ßmK§/s¢§�w�ÃG¶]f ,0�{
mK§Nsu§�w�Ã�0$1$)+*�, -$º {9»�¶If�{�` ,0�{
b

mX§�sÄÃ�{ fc��Z��mX§�sÄÃ�{ � fc�mX§�su§�w[Ã�¶�¤ ¥¯¦�f�{ P 1$:mX§�su§�w[Ã�¶ ¨ f�g�J¢f��ML�g�J � f��ML%{�`aJ�Z�J � b
mX§�su§�w[Ã�¶�ªÎf�g���rcL�g>Jufar]Z_�ML%{�`ag g�W r Y Jcb
mX§�su§�w[Ã�¶ ª � f�g�J¢f�`ag�rcLj�cb�L%{�`ag gN��JcbmX§�su§�w[Ã�¶ Á f�g�J¢f���Z��ML�{�` ,0
Jcb

mK§/s¢§%w�Ã�: ;�<�=�?�@�AD=�º {9»�{ � *�)�`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§�¶ ª � §�¶�Á�buf�{c{ �
Figure3: Formationrulesof 243957
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Typereduction mX§/sÄÃG{>Ö�Ñ�{�Ù´f¡v
mK§�stqTJuf�v � ÃG{¿fkvÏmK§/sÄÃ�{ � f¡v �
mK§NsSÃÌ`�2�Juf�v � L�{
b�{ � Ñ�{ � { � Æ J � fMv

mcqTrX§�sÄÃG{¿f¡vÍm]Ã´v �
mX§/sÄÃÊ`¹HXrcL�{
b>W£v�� Y Ñ�{ � v�� Æ r � fMv � v�� Æ r �

mX§/sÄÃG{¿f¡vtZ�v � J ÆË�à���«�`a{�b
mK§�sÄÃ´2�Juf�vxLT{cJRÑ_{�fMv�Z�v �
mX§/sÅÃ�{¿f�g�r � L/vÍr ÆË�à���«�`a{�b
mX§/sÅÃ�HXrcL�{�W r Y Ñ�{ f�g�r � L/v

mX§�sÄÃ B ;�<�=�C!=�? P 1$:9*�)4`a{$¤ ¥n¦D§�{�¨Ê§�{�ª�§�{ ª � b¢fM�mK§NsÅÃ B ;�<>=/CT=/? P 1$:6*�)x`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª §�{ ª � b6Ñ�{ ¤ ¥¯¦ fc�

mK§�sÄÃ B ;�<>=�C!=�?�{ Ö *�)x`a{ ¤ ¥n¦ §�{ ¨ §�{ ª §�{ ª � b9Ñ_{ �Ö fc�mK§�sÄÃ B ;�<>=�C!=�?�{�Ù�*�)x`a{$¤ ¥n¦D§�{�¨©§�{�ª>§�{ ª � b9Ñ_{4�Ù fc�mX§�sÄÃ B ;�<�=�C!=�?M`�`�Z Z]b�{>Ö�{$Ù/b�*�)�`a{$¤ ¥n¦D§�{�¨©§�{�ª�§�{ ª � bÑ_{�¨�{�Ö�{�Ù${ �Ö { �Ù fM�
mK§Nstq�Juf�v � Ã B ;�<�=�C!=�?M`a{cJcb�*�)x`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b6Ñ�{ � fM�mK§NsÅÃ B ;�<>=/CT=/?c`ag g�W£v � Y {�b9*�)4`a{ ¤ ¥n¦ §�{ ¨ §�{ ª §�{ ª � bÑ�{�ª¡W£v�� Y {�`�2�Juf�v��TL�{x�Tbufc�
mKqTrK§/sÄÃ B ;�<>=�C!=�?K`a{�W r Y b�*�)x`a{$¤ ¥¯¦�§�{�¨Ê§�{�ª�§�{ ª � b9Ñ�{ � fc�

mK§NsSÃ B ;�<>=�C!=�?K`ag g � {�b6*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b6Ñ�{ ª � {�`¹HKrKL%{ � bufM�
mX§/stq�J¢f��ÉÃ B ;�<>=�C!=�?c`a{�`%��, @�?�=>Jcb�b�*�)�`a{$¤ ¥n¦D§�{�¨©§�{�ª�§�{ ª � b6Ñ_{ � fM�mK§�sÄÃ B ;�<�=�C!=�?M` ,0�{�b6*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b6Ñ ,0X`�2�Juf��ML�{x�Tbufc�

mK§NsÄÃ B ;�<>=�C!=�?K`%��, @�?�=>{�b6*�)4`a{�¤ ¥¯¦�§�{�¨©§${�ª�§�{ ª � bufc�mK§NsÄÃ B ;�<>=/CT=/?c`%��, @�?�=�{�b4*�)x`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§${ ª � b6Ñ�{¿fM�
Figure4: Selected2 3657 typereductionrules

morphictypes,we canrepresentthe type g���rcL�{ astheapplica-
tion of a type constructorg g � of kind `ag�rKL/�cbtZh� to the typeHXrcL�{ .

Theformationrulesin Figure3 requirethattheenvironments
are well formed. Moreover, all typesand kinds are also well
formed.Thus,in thetypeformationrule mX§/sÅÃG{ f¡v , we have
that m�Ã©s andm�ÃÕv . In thetermformationrule mK§Nsu§�wÉÃ¢¶�f{ , we have that m[Ã´s andmK§�sÄÃ\w andmK§/sÄÃ�{ fc� .

The
B ;�<�=�C!=�? operatoris usedfor type analysisat the type

level. In fact, it allows primitive recursionat the type level. It
operateson typesof kind � andreturnsa type of kind � (Fig-
ure4). Dependingon theheadconstructorof thetypebeingan-
alyzed,

B ;�<�=�C!=�? choosesoneof thebranches.At the
P 1$: type, it

returnsthe {�¤ ¥¯¦ branch.At the function type {ÉZá{ � , it applies
the {�¨ branchto the components{ and { � , andto the resultof
recursively processing{ and{ � .

B ;�<>=�C!=�?K`a{ÓZÔ{ � b6*�)x`a{$¤ ¥¯¦�§�{�¨Ê§�{�ª�§�{ ª � b9Ñ{�¨[{c{ � ` B ;�<�=�C!=�?�{t*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b�b` B ;�<�=�C!=�?�{ � *�)4`a{$¤ ¥n¦D§�{�¨Ê§�{�ª�§�{ ª � b�b
Whenanalyzinga polymorphictype,thereductionrule is

B ;�<�=�C!=�?c`ag>Juf�v � L�{�b6*�)x`a{$¤ ¥¯¦�§�{�¨Ê§�{�ª�§�{ ª � b6Ñ{�ªMW£v � Y `�2�Juf�v � L�{�b�`�2�Juf�v � L B ;�<�=�C!=�?�{t*�)�`a{$¤ ¥n¦D§�{�¨©§�{�ª�§�{ ª � b�b
Since {�ª mustbe parametricin the kind v � (to ensuretermina-
tion, therearenofacilitiesfor kind analysisin thelanguage[13]),
it can only apply its secondand third argumentsto locally in-
troducedtype variablesof kind v � . We believe this restriction,
which is crucial for preservingstrongnormalizationof the type
language,is quite reasonablein practice. For instance{ ª can
yield a quantifiedtypebasedon theresultof theanalysis.

Thereductionrule for analyzinga kind-polymorphictypeis

B ;�<�=�C!=�?M`ag � rKL�{�b6*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b6Ñ{ ª � `¹HXrcL�{
b�`¹HXrcL
B ;�<�=�C!=�?�{t*�)x`a{ ¤ ¥¯¦ §�{ ¨ §${�ª�§�{ ª � b�b

The g g � -branchof
B ;�<>=�C!=�? gets as argumentsthe body of the

quantifiedtype and a kind function encapsulatingthe result of
theanalysison thebodyof thequantifiedtype.

Recursive typesareformedusingthe , 0 constructorof kind`���Z_�cbXZ_� . For theanalysisof recursive typeswe introduce
aunaryconstructor��, @�?�= of kind ��Z�� , which is not intended
for useby the programmer. Thereareno term level constructs
to createan object whosetype containsthis constructor. The
introductionof the ��, @�?�= constructoris basedon the work of
FegarasandSheard[6].

Recursive typesarehandledin themannersuggestedby the
language24â7 in [13]. When a recursive type is analyzedby aB ;�<�=�C!=�? , theresultis alwaysa recursive type. The

B ;�<�=�C!=�? an-
alyzesthebodyof the typewith the ã -boundvariableprotected
underthe ��, @�?�= constructor. Since �
, @�?�= is the right inverseofB ;�<�=�C!=�? (Figure 4), the analysisterminateswhen it reachesa
typevariable.
B ;�<�=�C!=�?M` ,0�{�b4*�)x`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b6Ñ, 0X`�2�Juf��ML B ;�<�=�C!=�?M`a{�`%�
, @�?�=�JKb�b�*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b�b

Sincethe argumentof the ,0 constructorhasa negative occur-
renceof thekind � , this casemustbehandledspecially. There-
fore,the

B ;�<�=�C!=�? doesnotactasaniteratorfor the , 0 constructor.
Instead,it directly analyzesthe body of the recursive type. In
essence,we have madethe ,0 constructortransparentto theanal-
ysis. Operationally, thenumberof nested, 0 constructorsstrictly
decreasesat every reductionof the

B ;�<�=�C!=�? , ensuringtermina-
tion aftera finite numberof steps.
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: ;�<�=�?�@�AD=�º {�» P 1$:9*�)�`a¶ ¤ ¥¯¦ §�¶ ¨ §�¶�ª>§�¶ ª � §�¶ Á b ÑS¶ ¤ ¥n¦
: ;�<�=�?�@�AD=�º {�»�`a{>ÖKZÔ{$Ù/b�*�)�`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§�¶ ª � §�¶�Á�b�ÑS¶�¨¿W {>Ö

Y W {�Ù Y

: ;�<�=�?�@�AD=�º {�»�`ag g�W£v Y { � b�*�)x`a¶�¤ ¥n¦D§�¶�¨©§�¶�ª>§�¶ ª � §�¶�Á�bÕÑS¶�ªMW£v
Y � W { � Y

: ;�<�=�?�@�AD=�º {�»�`ag gN��{ � b�*�)x`a¶ ¤ ¥n¦ §�¶ ¨ §�¶�ª>§�¶ ª � §�¶ Á b ÑS¶ ª � W { �
Y

: ;�<�=�?�@�AD=�º {�»�` ,0
{ � b6*�)x`a¶ ¤ ¥n¦ §�¶ ¨ §�¶ ª §�¶ ª � §�¶ Á b ÑS¶ Á W { � Y
: ;�<�=�?�@�AD=�º {�»�`%��, @�?�=>{4�!b�*�)x`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§�¶ ª � §�¶>Á�bxÑ: ;�<>=/?�@�A%=�º {9»�`%��, @�?�=>{ � b�*�)�`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§$¶ ª � §�¶�Á�b

Figure5: Selectedtermreductionrulesof 2 3657

The term expressionsaremostly standard.We useexplicit
fold-unfold operatorsto implementthe isomorphismbetweena
recursivetypeandits unfolding.Typeanalysisatthetermlevel is
performedusingthe : ;�<�=�?�@�AD= operator. Sincethe termlevel in-
cludesafixed-pointoperator, : ;�<�=�?�@�AD= is not iterative; it inspects
a given type { � andpassesits componentsto thecorresponding
branch.Thereductionrulesfor : ;�<�=�?�@�AD= arein Figure5.

Existential types can be handledsimilar to polymorphic
types.We definea typeconstructorä ä of kind g�rcLN`arµZå�cbkZ� . Theexistentialtype ä�JtfjvxL%{ is thenequivalentto ä äKW£v Y `�2�Jufv�L�{�b . The

B ;�<�=�C!=�? andthe :¯;�<�=�?�@�AD= areaugmentedwith a {�æ
and a ¶�æ branchrespectively. The reductionrules are exactly
analogousto thepolymorphiccase,exceptthatthe

B ;�<>=�C!=�? now
choosesthe { æ branch,andthe :¯;�<�=�?�@�AD= choosesthe ¶ æ branch.

To illustratethe type level analysiswe will usethe
B ;�<>=�C!=�?

operatorto define the classof types admitting equality com-
parisons. We will extend the example in [7] to handlequan-
tified types. We definea type operator ç6èÝfX�±Zé� which
mapsfunction andpolymorphictypesto the type êM* P - . (Hereêc* P - Â g�J´f��ML�J is a typewith no values).To make theexam-
ple morerealistic,we extendthe languagewith a producttype
constructor( ë ë ) of thesamekind as( Z Z ). Thetypeanalysiscon-
structsoperateon the ë ë constructorin a mannersimilar to theZ Z constructor.

For easeof presentationwe useML-style patternmatching
syntaxto definea typeinvolving

B ;�<>=/CT=/? : Insteadof

:�F¿2�Juf��ML B ;�<�=�C!=�?�JO*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª ª §�{ ª � bwhere {�¨ìF�2�JkÖ$f��ML�2�JMÙ�f��ML�2�J�� Ö f�vxL/2�J�� Ù f�vxLT{4�¨{�ª ªuF[HXrcL�2�J¢far[Z��ML�2�J � far]Z�vxL%{ �ª ª{ ª � F�2�J¢f�`ag�rcLj�cb�L�2�J � f�`ag�rKL/v�b�L%{ �ª �
we write

:>` P 1$:Db F�{ ¤ ¥n¦:>`aJkÖKZ�JMÙ�b©F�{ �¨ � :�`aJ¡ÖNb�qj:�`aJMÙ�b Æ J � Ö q�J � Ù �:>`ag g\W r Y Jcb F�{ �ª ª � 2�JkÖ�farcLj:�`aJ�JkÖNb Æ J � �
:>`ag gN��JKb F�{ �ª �

� HKrKLN:�`aJ´W r Y b Æ J � �

·�VK:%*�í>:%C P 1$î
fag�J¢f��MLTJ�ZïA%:%C P 1$î�LFIHKJ¢f��ML: ;�<>=/?�@�A%=�º�2�ðzf��ML�ðOZïAD:�C P 1$î�»�JR*�)P 1$: Q P 1$: B *�í>:%C P 1$îAD:%C P 1$î\Q�2�yzf%AD:%C P 1$î$L�yë ë Q�H U Ö�f��MLTH U Ù�f��ML�2�yzf U Öcë U Ù�L:�*�í�:�C P 1$îdW U Ö Y `£V�ñnò�b�óM:�*�í�:�C P 1$îdW U Ù Y `£V�ñnô�bZ Z Q�H U Ö�f��MLTH U Ù�f��ML�2�yzf U ÖXZ U Ù�L$õjö�÷ Ú6ø/ù ²!ú Ú � �
g g Q�H � rcL!H U far�Z��ML�2�yzfag g¸W r Y�U L$õ�û�ú�ü¹ý�Þ´ú�þ�û6ÿ�² ø � �
g g � Q�H U fag�rcL��ML/2�y¸fag g � U L$õ���² Ú�� û�ú�ü¹ý�Þ´ú�þ�û6ÿ�² ø � �
, 0 Q�H U f���Z��ML�2�V�f ,0 U L:�*�í�:�C P 1$îdW U ` , 0 U b Y `%0$1$)¹*�, -�º U »�y�b

Figure6: ThefunctiontoString

In thissyntaxthe ç6è typeoperatoris definedas:

ç6èK` P 1$:�b F P 1$:ç6èK`aJkÖkëGJMÙ�bïF�ç6èK`aJkÖNbcëÌç6èc`aJcÙ�bç6èK`aJ Ö ZÔJ Ù bÕF�êc* P -ç6èK`ag g�W r Y Jcb F�êc* P -
ç6èK`ag g � Jcb F�êc* P -ç6èK` , 0�Jcb F , 0K`�2�J Ö f��MLjç6èK`aJÊ`%��, @�?/=�J Ö b�b�b

Note that ç6èK`�` P 1$:�Z P 1$:�bzëÝ` P 1$:�Z P 1$:�b�b reducesto `£êM* P -Óëêc* P -�b ; a more complicateddefinition is necessaryto map this
typeto êM* P - .

As anexampleof thetermlevel analysisin 2 3957 , considerthe
function :%*�í�:�C P 1$î shown in Figure6. This functionusesthetype
of a valueto produceits stringrepresentation.(We addthebase
type AD:�C P 1$î to the language). We assumea primitive functionP 1$: B *�í>:%C P 1$î that convertsan integer to its string representation,
anduseˆ to denotestringconcatenation.

Thelanguage243657 hasthe following properties.Theproofs
aresimilar to theproofsfor thelanguage2 37 in [13].

Proposition3.1 (StrongNormalization) Reduction of well
formedtypesis stronglynormalizing.

Proposition3.2 (Confluence) Reductionof well formedtypesis
confluent.

Proposition3.3 (TypeSafety) If Ã�¶�fa{ , theneither¶ is a value,
or there existsa term ¶ � such that ¶kÑ�¶ � and Ã�¶ � fa{ .

3.1 Type analysis in 2 3657
In our previouswork [13], we proposedthe language24â7 which
supportstheanalysisof recursive typeswithout any restrictions.
However, theresultinglanguagegetscomplex andthetranslation
into a CWM framework is not clear. Therefore,typeanalysisin243657 is restrictedin two ways. First, the

B ;�<>=/CT=/? operatormust
returna typeof kind � . Second,theresultof analyzinga recur-
sivetypeis alwaysarecursivetype.Webelievethattheserestric-
tions do not reducesignificantlythe usefulnessof the language
in practice.
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Themainpurposeof
B ;�<�=�C!=�? is to provide typesto :¯;�<�=�?�@�AD=

terms; every branchof the
B ;�<�=�C!=�? types the corresponding

branchof the : ;�<>=/?�@�A%= . Sincethe type of a term is always of
kind � , theresultof the

B ;�<�=�C!=�? mustalsobeof kind � . Thus,
in practice,a

B ;�<�=�C!=�? will beemployedto form typesof kind � .

In some cases a
B ;�<�=�C!=�? is used to enforce typing

constraints—forexample, in the caseof polymorphicequality
above, a

B ;�<>=/CT=/? wasusedto expresstheconstraintthat theset
of equalitytypesdoesnot includefunctionor polymorphictypes.
In thesecasesthe

B ;�<>=/CT=/? merelyverifiesthat an input type is
well formed,while preservingits structure.This meansthat theB ;�<�=�C!=�? will mapa recursive typeinto arecursive type.

Otherapplicationsof type analysisalsofollow this pattern.
Considera copying collector[14]. The ?�*�<j; functionwould use
a
B ;�<�=�C!=�? to expressthatdatafrom a particularregion hasbeen

copiedinto a differentregion. Sincethestructureof thedatare-
mainsthe sameafter beingcopied,a recursive type would still
bemappedinto a recursive type.Thesameholdstruewhile flat-
teningtuples. Flatteninginvolvestraversingthe input type tree,
andconvertingevery tupleinto thecorrespondingflattenedtype;
therefore,thestructureof theinput typeis preserved.

3.2 Limitations of type analysis in 2 3657
The approachoutlinedin this sectionallows the analysisof re-
cursive typeswithin the term languageand the type language,
but imposesseverelimitationsoncombiningtheseanalyses.One
canwrite apolymorphicprinterthatanalysestypesatruntime,or
onecanwrite atypeoperator, like ç6è , to enforceinvariantsat the
type level. However, it is not possibleto write a polymorphic
equalityfunctionthatanalyzestypesat runtimeandhasthetypeg>Juf��MLjç6è
J�Zïç6è�J�Z_E�*$*�, . Thereasonis thatwhentherecur-
sive type ç6èK` , 0�{�b is unfolded,the resultis ç6èX`a{�`%��, @�?�=�` ,0�{
b�b�b .
Theequalityfunctionmustnow analyzethetype {�`%��, @�?�=
` , 0�{
b�b ,
which requiresit to analyzea ��, @�?�= type. However, the corre-
spondingbranchof the :¯;�<�=�?�@�AD= can only containa divergent
term. The root of the problemlies in defining ��, @�?�= asa con-
structorfor kind � . Thesolutionmight requireanautomaticun-
folding of a recursive typewhenit is beinganalyzedat theterm
level; theresultinglanguageexceedsthescopeof thecurrentpa-
per. Removing recursive typesfrom the languageagainallows
fully generaltypeanalysis.

4 The target language 2 38
Figure 7 shows the syntaxof the 2 38 language. To make the
presentationsimpler, we will describemany of the featuresin
thecontext of thetranslationfrom 2 3657 .

4.1 The analyzable components in 2 38
In 2 38 , thetypecalculusis split into typesandtags:While types
classifyterms,tagsareusedfor analysis.Weextendthekind cal-
culusto distinguishbetweenthetwo. Thekind � includestheset
of types,while thekind

B
includesthesetof tags.For everycon-

structorthatgeneratesatypeof kind � , wehaveacorresponding
constructorthatgeneratesa tagof kind

B
; for example,

P 1$: cor-

`����¹������b v�fnfnF ��p B pcvÌZ�v � p
r�p
g>rcL�v
`�����������b {�fnfnF P 1$:upcZ Z�p
g g p�g g � p , 0]pK�
,Mp��p���¤ ¥¯¦up��9¨åp��9ªÉp	� ª � p���Á�p���
��¸p	��p�Jìp
HXrcL�{�p
{�W£v Y p¡2�J¢f�vxL�{ p�{c{4�p B @�î�C!=�?�{t*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª §�{ ª � §�{  b
`�«�¬�¯®�����bÎ°�fnfnF�²Ìp
H4��rcL�°µp�HXJuf�vxL%°Çpc2�y¸fa{4L!¶�pX·�V�y¸fa{xLT°p�)¹*�, -�º {�»�°p��^¤ ¥¯¦up��6¨ p���¨ W { Y p���¨¿W { Y °p���¨ W { Y °¸W { � Y p���¨ W { Y °zW { � Y ° �

p�� ª p�� ª W£v Y ��p�� ª W£v Y �¡W { Y p�� ª W£v Y �MW { Y W { � Y
p���ªMW+v Y � W { Y W {x� Y °p�� ª � p�� ª � W {

Y p�� ª � W {
Y °

p��^Á[p��^ÁKW { Y p���ÁcW { Y °p��	
��¸p��	
���W { Y p��	
���W { Y °p����p���GW { Y p����W { Y °
`�����¼j½¢��b ¶�fnfnF�°µp�y�p�¶XW£v Y ��p
¶cW { Y p
¶
¶ �p�)¹*�, -�º {�»�¶[pX0$1$)¹*�, -$º {�»�¶p�C!=�<�?�@�A%=�º {9»�¶¸*�)�`a¶>¤ ¥n¦D§�¶�¨©§�¶�ª�§�¶ ª � §�¶ 8 §$¶>Á�§�¶�
��¹b

Figure7: Syntaxof the 2 38 language

respondsto ��¤ ¥¯¦ and Z Z correspondsto �9¨ . The type analysis
constructat thetypelevel is

B @�î�C!=�? andoperatesonly on tags.

At thetermlevel, we addrepresentationsfor tags.Theterm
level operator(now called C!=�<�?�@�AD= ) analyzestheserepresenta-
tions. All theprimitive tagshave correspondingterm level rep-
resentations;for example,� ¤ ¥¯¦ is representedby � ¤ ¥¯¦ . Givenany
tag,thecorrespondingtermrepresentationcanbeconstructedin-
ductively.

4.2 Typing term representations

Thetypecalculusin 2 38 includesa unarytypeconstructor� of
kind

B Z � to type the term level representations.Given a
tag { (of kind

B
), thetermrepresentationof { hasthetype �Ó{ .

For example, ��¤ ¥¯¦ hasthe type ����¤ ¥¯¦ . Semantically, �R{ is in-
terpretedasa singletontype that is inhabitedonly by the term
representationof { [3].

If thetag { is of a functionkind vtZ�v � , thenthetermrepre-
sentationof { is a polymorphicfunctionfrom representationsto
representations:

� ~ ¨ ~�� `a{
b Â g U f�vxL�� ~ ` U b^Z�� ~�� `a{ U b
However a problemarisesif { is of a variablekind r . Theonly
way of knowing thetypeof its representation��� is to construct
it when r is instantiated. Henceprogramstranslatedinto 2 38
must be suchthat for every kind variable r in the program,a
correspondingtypevariableJ�� , representingthetypeof theterm
representationfor a tagof kind r , is alsoavailable.

This is why we needto extendtheCWM framework. Their
sourcelanguagedoesnot includekind polymorphism;therefore,
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p¯�Mp>F B p£v�Z�v � p�F pnvxp>Z�pnv � pp rKp�F[r p g�rKL�vxp�F[g>rcLj`ar�Z��cb^Z�pnvxp

Figure8: Translationof 2 3657 kindsto 2 38 kinds

they can computethe type of all the representationsstatically.
This is also the reasonthat we needto introducea new setof
primitive typeconstructorsandsplit thetypecalculusinto types

andtags. Considerthe g g andthe g g�� type constructorsin 243957 .
The g g constructorbindsa kind v . Whenit is translatedinto 2 38 ,
the translatedconstructormustalso, in addition,bind a type of
kind v[Z � . Therefore,we needa new constructor�9ª . Sim-
ilarly, the g g � constructorbinds a type function of kind g�rKLN� .
When it is translatedinto 2 38 , the translatedconstructormust
bind a typefunctionof kind p g�rcLN�Mp . (SeeFigure8.) Therefore,
we introducea new constructor� ª � . Furthermore,if we only
have � astheprimitive kind, it will no longerbeinductive. (The
inductive definition would breakfor � ª � ). Therefore,we intro-
ducea new kind

B
(for tags),andallow analysisonly over tags.

This leadsus to the kind translationfrom 243657 to 2 38 (Fig-
ure8). Sincetheanalyzablecomponentof 2 38 is of kind

B
, the2 3657 kind � is mappedto

B
. The polymorphickind g�rcLNv is

translatedto g�rKL/`ar�ZÎ�cbcZ±pnvxp . Notethatevery kind variabler mustnow have a correspondingtypevariableJ � . Givena tag
of variablekind r , thetypeof its termrepresentationis givenbyJ�� . Sincethetypeof a termis alwaysof kind � , thevariableJ��
hasthekind r]Z�� .

Lemma 4.1 pnv � v �%Æ r � p>F¿pnvxp � pnv � p Æ r �

Proof By inductionover thestructureof v . �
Figure9 shows thefunction � ~ . Suppose{ is a 2 3657 typeof

kind v and p {�p is its translationinto 2 38 . The function � ~ gives
the typeof the termrepresentationof p {�p . Sincethis function is
usedby thetranslationfrom 243957 to 2 38 , it is definedby induction
on 243957 kinds.

Lemma 4.2 `�� ~ b � pnv � pnq�� ~�� Æ r � q�J � � � F�� ~ ��~���! � �#"
Proof By inductionover thestructureof v . �

Theformationrulesfor tagsaredisplayedin Figure10. Since
thetranslationmaps 243957 typeconstructorsto thesetags,a type
constructorof kind v is mappedto a correspondingtag of kindpnvxp . Thus,while the g g type constructorhasthe kind g>rcLN`arÀZ�cbXZÎ� , the �9ª taghasthekind g>rcLj`arÉZÎ�cbXZÎ`ar�Z B bXZB

.

Figure 10 also shows the type of the term representation
of the primitive type constructors.Thesetypesagreewith the
definition of the function �u~ ; for example,the type of � ¨ is
�¢��¨t��¨t��`��9¨©b . The term formation rules in Figure10 usea
taginterpretationfunction $ thatis explainedin Section4.4.

m]ÃÊs
mX§/sÅÃ�� �ÕÂ �Îf B Z_�

mK§/sÅÃ�J���f�r]Z��
mK§NsÄÃ%� �¢Â J � f�r[Z_�

mX§/sÄÃ&�t~ Â { fMpnvxp�Z�� mK§�sÄÃ&� ~�� Â { � f¡pnv � p>Z��
mX§/sÅÃ�� ~ ¨ ~�� Â 2�J¢f�p£v�Z�v � pnL%g U f�p£v�p£L%{ U ZÔ{ � `aJ U bfMp£v�Z�v��%p>Z��

mcq!rK§�stq%J��^far]Z���Ã�� ~ Â {¿fkpnvxp>Z��
mK§NsÅÃ��\ª ��' ~ Â 2�J¢f�p g>rcLNvxpnL%g���rcL�g>J���far[Z��ML%{�`aJ´W r Y J��>bfMp g>rcL�vxp>Z��

Figure9: Typesof representationsat higherkinds

4.3 Tag analysis in 2 38
We now considerthetaganalysisconstructsin moredetail. The
term level analysisis doneby the C!=�<>?/@�AD= construct.Figure10
andFigure11show itsstaticanddynamicsemanticsrespectively.
The expressionbeinganalyzedmustbe of type �O{ ; therefore,C!=�<�?�@�AD= always analyzesterm representationof tags. Opera-
tionally, it examinesthe representationat the head,selectsthe
correspondingbranch,andpassesthe componentsof the repre-
sentationto theselectedbranch.Thustherule for analyzingthe
representationof apolymorphictypeis

C!=�<�?�@�A%=�º {9»(�6ª¡W£v Y � W { ~ Y W { � Y `a¶ � b�*�)`a¶ ¤ ¥¯¦ §�¶ ¨ §�¶ ª §�¶ ª � §�¶ 8 §�¶ Á §�¶ 
�� b
ÑÈ¶�ªMW£v Y � W { ~ Y W { � Y `a¶ � b

Type level analysisis performedby the
B @�î�CT=/? construct. The

languagemust be fully reflexive, so
B @�î�CT=/? includesan addi-

tional branchfor the new type constructor�  . Sinceonly the
kind of ��Á containsthe kind

B
in a doubly-negative position

(Figure10), we candefine
B @�î�C!=�? asan iteratorover the kindB

, andtreat� Á specially(like the ,0 constructorin 243657 ).

Figure12showsthereductionrulesfor the
B @�î�C!=�? , whichare

similar to the reductionrulesfor the sourcelanguage
B ;�<>=/CT=/? :

given a tag, it calls itself recursively on the componentsof the
tag andthenpassesthe resultof the recursive calls, alongwith
theoriginal components,to thecorrespondingbranch.Thusthe
reductionrule for thefunctiontagis
B @�î�C!=�?c`��9¨[{M{ � b�*�)x`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � §�{)�b6Ñ{ ¨ {M{ � ` B @�î�CT=/?�{t*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{�ª�§�{ ª � §�{(�b�b` B @�î�CT=/?�{ � *�)4`a{ ¤ ¥n¦ §�{ ¨ §�{ ª §�{ ª � §�{  b�b

Similarly, thereductionfor thepolymorphictagis
B @�î�C!=�?M`��9ªcW£v Y { ~ {
b9*�)x`a{$¤ ¥n¦D§�{�¨©§�{�ª>§�{ ª � §�{  b6Ñ{ ª W£v Y {�~4{G`�2�J¢f�vxL B @�î�C!=�?M`a{cJKb�*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª §�{ ª � §�{(�b�b

Recursive tagsarehandledin amannersimilar to recursive types
in 2 3657 . The result is constrainedto be a recursive tag. The
analysisproceedsdirectly to the body of the tag function, with
theboundvariableprotectedundera ��
*� tag,which is the right
inverseof

B @�î�C!=�? .
Thereductionrulesalsoincludea rule for the ��, constructor.

The ��, constructoris usedto handlerecursive tagsin the $ func-
tion (Section4.4). This constructoris againan implementation
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Typeformation mX§/sÅÃ�{¿f¡v

m]Ã´s
mX§/sÅÃ�� f B Z��mX§/sÅÃ��
, fc��Z BmX§/sÅÃ�� ¤ ¥n¦ f BmX§/sÅÃ�� ¨ f B Z B Z BmX§/sÅÃ��9ªÎf�g>rcL/`ar]Z��cbdZ�`ar[Z B bdZ BmX§/sÅÃ�� ª � fc`ag>rcL/`ar]Z��cb^Z

B bdZ B
mX§/sÅÃ���Á fc` B Z B bXZ BmX§/sÅÃ���
��¢f B Z BmX§/sÅÃ��  f B Z B

mX§/sÅÃ�{ f BmX§/sÅÃ�{�¤ ¥¯¦�f BmX§/sÅÃ�{�¨Îf B Z B Z B Z B Z BmX§/sÅÃ�{ ª f�g�rcLN`ar[Z��cbdZ�`ar[Z B bdZ�`ar]Z B bXZ BmX§/sÅÃ�{ ª � fc`ag�rcLN`ar[Z��cb^Z
B b^Z�`ag�rKL/`ar[Z_�cbXZ B bdZ BmX§/sÅÃ�{) f B Z B Z B

mX§�sÄÃ B @�î�C!=�?�{t*�)x`a{$¤ ¥n¦D§�{�¨©§�{�ª>§�{ ª � §�{(�buf
B

Termformation mX§/su§%w[Ã�¶[f�{

mK§�sÄÃ\w
mK§Nsu§�w�Ã�� ¤ ¥n¦ f	��� ¤ ¥¯¦mK§Nsu§�w�Ã���¨Îf	�¢��¨t��¨t��`��9¨©bmK§Nsu§�w�Ã���ªÎf	� ª �)',+-�/¨t�/. ¨t� `��9ª�bmK§Nsu§�w�Ã�� ª � f	� + ª �)'��0. ¨t� `�� ª � bmK§Nsu§�w�Ã��  f	�¢��¨t��`��  bmK§Nsu§�w�Ã�� Á f	� +n��¨t�0. ¨t� `�� Á bmK§Nsu§�w�Ã��	
��¢f	�¢��¨t��`���
*�¹b

mX§/sÅÃ�{ f B Z B mK§Nsu§�w�Ã�¶[f�$¸`a{�`���Á
{
b�b
mX§/su§%w�Ãt)¹*�, -�º {9»�¶[f�$¸`�� Á {
b

mK§/sÄÃ�{�f B Z B mK§�su§Tw�Ã�¶[f�$k`�� Á {�b
mK§/s¢§�w�Ã�0$1$)+*�, -$º {�»�¶[f�$z`a{�`���Á
{�b�b

mX§�sÄÃ�{ f B Z_�mX§�su§�w[Ã�¶ f	�R{ �mX§�su§�w[Ã�¶ ¤ ¥¯¦ f�{1� ¤ ¥¯¦mX§�su§�w[Ã�¶�¨Îf�g�JkÖ$f B L��ÓJkÖKZeg>JMÙ>f B L��ÓJMÙ¡ZÔ{�`��9¨]JkÖ$JcÙ�b
mX§�su§�w[Ã�¶�ªÎf�g � rcL�g>J���far�Z��MLg>JufarIZ B L#� ��¨t� `aJcbdZÔ{�`�� ª W r Y J � JcbmX§�su§�w[Ã�¶ ª � f�g�J¢fag�rcLj`ar�Z��cb^Z

B L��\ª ��'�� `aJcbdZÔ{�`�� ª � JcbmX§�su§�w[Ã�¶0 f�g�J¢f B L��OJ�Ze{�`���cJcbmX§�su§�w[Ã�¶�Á f�g�J¢f B Z B L��u��¨t��`aJKbdZ�{�`���Á
JcbmX§�su§�w[Ã�¶2
*�Gf�g�J¢f B L��OJ�Ze{�`���
���Jcb
mK§/s¢§%w�Ã�C!=�<�?�@�AD=�º {9»�¶z*�)x`a¶ ¤ ¥n¦ §�¶ ¨ §�¶�ª�§�¶ ª � §�¶ 8 §�¶ Á §�¶2
*�ab¢f�{c{ �

Figure10: Formationrulesfor thenew constructsin 2 38

C!=�<�?�@�AD=�º {�»)��¤ ¥¯¦9*�)4`a¶�¤ ¥n¦D§�¶�¨©§�¶�ª�§�¶ ª � §�¶ 8 §�¶�Á�§�¶�
��ab6Ñ�¶�¤ ¥n¦
C!=�<�?�@�AD=�º {�»)� ¨ W { Ö Y `a¶ Ö b�W { Ù Y `a¶ Ù b6*�)`a¶�¤ ¥n¦D§�¶�¨Ê§�¶�ª�§�¶ ª � §�¶ 8 §�¶�Á�§�¶�
��ab6Ñ�¶�¨¿W {�Ö

Y `a¶xÖjb�W {�Ù Y `a¶�Ù�b
C!=�<�?�@�AD=�º {�»)�9ªMW+v Y �kW {�~ Y W { � Y `a¶ � b�*�)
`a¶�¤ ¥n¦D§�¶�¨Ê§�¶�ª�§�¶ ª � §�¶ 8 §�¶�Á�§�¶�
��ab6Ñ�¶�ªMW£v

Y �¡W { ~ Y W { � Y `a¶ � b
C!=�<�?�@�AD=�º {�»)� ª � W { �

Y `a¶ � b9*�)4`a¶ ¤ ¥¯¦ §�¶ ¨ §�¶ ª §�¶ ª � §�¶ 8 §�¶ Á §�¶ 
�� b6Ñ¶ ª � W {4�
Y `a¶��Tb

C!=�<�?�@�AD=�º {�»)�  W { � Y `a¶ � b�*�)�`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§�¶ ª � §�¶ 8 §�¶>Á�§�¶2
*�ab6Ñ¶  W { � Y `a¶ � b
C!=�<�?�@�AD=�º {�»)� Á W { � Y ¶ � *�)�`a¶ ¤ ¥n¦ §�¶ ¨ §$¶ ª §�¶ ª � §�¶ 8 §�¶ Á §�¶ 
*� b6Ñ¶>ÁXW {x� Y `a¶��!b
C!=�<�?�@�AD=�º {�»)��
���W { � Y `a¶ � b�*�)�`a¶�¤ ¥¯¦�§�¶�¨©§�¶�ª�§�¶ ª � §�¶ 8 §�¶>Á�§�¶2
*�ab6Ñ¶�
���W { � Y `a¶ � b

Figure11: Selectedtermreductionrulesof 2 38

artifact in 2 38 andhasno counterpartin thesourcelanguage.Its
reductionrule will never be usedin a programtranslatedfrom243657 .

4.4 The tag interpretation function

Programsin 2 38 passtagsat runtimesinceonly tagscanbeana-
lyzed. However, abstractionsandthefixpoint operatormuststill
carrytypeinformationfor typechecking.Therefore,theseanno-
tationsmustusea function mappingtagsto types. Sincethese
annotationsarealwaysof kind � , this function mustmap tags
of kind

B
to typesof kind � . This implies that we canusean

iteratorover tagsto definethefunctionasfollows:

$¸`�� ¤ ¥n¦ b F P 1$:
$¸`�� ¨ J Ö J Ù béF3$¸`aJ Ö bdZ4$¸`aJ Ù b
$¸`��9ªMW r Y J���JKbÕF g U farKL%J�� U Z5$z`aJ U b
$¸`�� ª � Jcb F g�rKL�g�J���far[Z_�ML�$¸`aJÌW r Y J��>b
$¸`���Á�Jcb F , 0�`�2 U f��ML�$z`aJ´`%��, U b�b�b
$¸`%�
,�JKb F J
$¸`���MJcb F P 1$:
$¸`���
���Jcb F P 1$:

Thefunction $ takesa typetreein the
B

kind spaceandconverts
it into the correspondingtree in the � kind space. Therefore,
it converts the tag � ¤ ¥¯¦ to the type

P 1$: . For the othertags,it re-
cursively convertsthecomponentsinto thecorrespondingtypes.
The branchesfor the �  andthe ��
*� tagsarebogusbut of the
correctkind. The language2 38 is only intendedasa target for
translationfrom 243657 —theonly interestingprogramsin 2 38 are
theonestranslatedfrom 243657 ; therefore,the �� branchof $ will
remainunused. Similarly, sincethe sourcelanguagehidesthe�
, @�?�= constructorcompletelyfrom theprogrammer, it doesnot
appearin 243657 programs;hencethe � 
*� branchof $ will also
remainunused.
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mX§/sÅÃ B @�î�C!=�?���¤ ¥n¦6*�)x`a{$¤ ¥¯¦�§�{�¨Ê§�{�ª�§�{ ª � §�{(�buf
B

mK§NsSÃ B @�î�CT=/?	��¤ ¥¯¦9*�)4`a{�¤ ¥¯¦D§�{�¨©§�{�ª�§�{ ª � §�{  b9Ñ_{$¤ ¥¯¦tf
B

mK§/sÄÃ B @�î�C!=�?
{>Ö�*�)4`a{$¤ ¥n¦D§�{�¨Ê§�{�ª�§�{ ª � §�{)�b9Ñ�{ �Ö f
B

mK§/sÄÃ B @�î�C!=�?
{ Ù *�)4`a{ ¤ ¥n¦ §�{ ¨ §�{�ª�§�{ ª � §�{  b9Ñ�{ �Ù f
B

mK§NsSÃ B @�î�CT=/?c`�� ¨ { Ö { Ù b�*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{�ª�§�{ ª � §�{(�b6Ñ{ ¨ { Ö { Ù { �Ö { �Ù f B
mK§Nstq�Juf�v � Ã B @�î�C!=�?M`a{�Ù$Jcb6*�)4`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§${ ª � §�{  b6Ñ{ � f B
mK§NsSÃ B @�î�CT=/?c`��9ªMW+v�� Y {>Ö�{�Ù�b6*�)4`a{�¤ ¥¯¦�§�{�¨Ê§�{�ª�§�{ ª � §�{(�b�Ñ{�ªMW£v�� Y {�Ö�{�Ù9`�2�Juf�v��TL�{x�!b¢f B
mcq!rK§�stqTJ � far�Z���ÃB @�î�CT=/?c`a{�W r Y J���b�*�)x`a{$¤ ¥n¦D§�{�¨©§�{�ª>§�{ ª � §�{(�b6Ñ�{ � f

B
mK§/sÄÃ B @�î�C!=�?M`�� ª � {�b4*�)4`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � §�{)�b6Ñ{ ª � {�`¹HKrKL�2�J � far[Z��ML%{x�Tb¢f

B
mK§NsSÃ B @�î�CT=/?�{t*�)x`a{ ¤ ¥¯¦ §�{ ¨ §${ ª §�{ ª � §�{(
b�Ñ_{ � f

B
mK§/sÅÃ B @�î�C!=�?c`���>{�b9*�)4`a{ ¤ ¥n¦ §�{ ¨ §�{ ª §�{ ª � §�{)�b9Ñ{(M{M{4�¸f B
mK§Nstq�Juf B ÃB @�î�CT=/?c`a{�`���
��jJcb�b9*�)�`a{$¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � §�{(�b9Ñ_{ � f

B
mX§/sÅÃ B @�î�C!=�?M`���Á�{�b4*�)4`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§${ ª � §�{)�b6Ñ��ÁX`�2�Juf B L�{4��buf B
mK§/sÄÃ B @�î�C!=�?K`�� 
*� {�b6*�)�`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª §�{ ª � §�{  buf

B
mK§NsSÃ B @�î�CT=/?c`�� 
�� {
b9*�)�`a{ ¤ ¥n¦ §�{ ¨ §�{ ª §�{ ª � §�{(�b6Ñ�{ f

B
mK§/sÅÃ B @�î�C!=�?K`%��,T{�b6*�)4`a{ ¤ ¥¯¦ §�{ ¨ §�{�ª�§${ ª � §�{  buf

B
mK§NsSÃ B @�î�CT=/?c`%��,T{�b6*�)x`a{ ¤ ¥¯¦ §�{ ¨ §${�ª�§�{ ª � §�{  b�Ñá��,T{�f B

Figure12: Reductionrulesfor 2 38 Typerec

Thetypeinterpretationfunctionhasthefollowing properties.

Lemma 4.3 `�$¸`a{
b�b � { � Æ J � F6$z`a{ � { � Æ J � b
Proof Followsfrom thefactthatnoneof thebranchesof $ has
freetypevariables. �

Lemma 4.4 `�$¸`a{
b�b � v Æ r � F6$z`a{ � v Æ r � b
Proof Followsfrom thefactthatnoneof thebranchesof $ has
freekind variables. �
Thelanguage2 38 hasthefollowing properties.

Proposition4.5(Type Reduction) Reduction of well formed
typesis stronglynormalizingandconfluent.

Proposition4.6(Type Safety) If Ã�¶�fa{ , theneither¶ is a value,
or there existsa term ¶ � such that ¶kÑ�¶ � and ÃG¶ � fa{ .

p JMp>F]J
p P 1$:�p/F7��¤ ¥¯¦ p HXrcL�{�p/F�HXrcL�2�J���far�Z_�ML�p {�p
pnZ Z�p/F8�9¨ p {�W£v Y p�FÝp {�p/W£p£v�p Y � ~
p g g�p^F9�9ª p£2�J¢f�vxL�{�p/FÝ2�J¢f�pnvxpnL�p {�p
p g g/��p4F:� ª � p {M{ � p/FÝp {�p�p { � p
p ãdpXF;��Á p ��, @�?/=�p/F<��
��
p B ;�<>=�C!=�?�{�*�)x`a{�¤ ¥¯¦�§�{�¨©§�{�ª�§�{ ª � b�p>FB @�î�C!=�?¡p {�p�*�)4`�p { ¤ ¥n¦ pn§�p { ¨ p¯§�p {�ªxp¯§�p { ª � p¯§
2 f

B L�2 f B L/p { ¤ ¥¯¦ p¯b
Figure13: Translationof 2 3957 typesto 2 38 tags

p ²Np>F]²
p y�p�F]y

p H � rcLT°9p�FIH � rcLTHXJ��^far[Z��ML�p °9p
p ¶KW+v Y �4p�F¿p ¶>p�W+pnvxp Y �¡W �u~ Y

p HKJuf�v�L%°9p�FIHKJ¢f�pnvxpnL�2�y�=^f��u~9JML�p °9p
p ¶KW { Y p�F¿p ¶>p�W+p {�p Y�> `a{�b

pn2�y¸fa{4L!¶>p�F¿2�y¸f�$zp {�pnL�p ¶>p
p ¶�¶ � p�F¿p ¶>p�p ¶ � p

p ·�V^yzfa{4L!°9p�F�·�V^y¸f�$zp {�pnL�p °9p
p )¹*�, -�º {9»�¶>p�F�)¹*�, -�º!p {�p »�p ¶>p

p 0$1$)¹*�, -$º {9»�¶>p�F�0$1$)¹*�, -�ºap {�p »xp ¶>p
p : ;�<>=�?/@�AD=�º {�»�{ � *�)�`a¶ ¤ ¥n¦ §�¶ ¨ §�¶�ª�§�¶ ª � §�¶ Á b�pF�C!=�<>?/@�AD=/º!2�Juf B L?$z`�p {�pTJKb%» > `a{ � b9*�)

� ¤ ¥¯¦ Qìp ¶ ¤ ¥n¦ p
��¨ÅQìp ¶�¨Õp
��ªÅQìp ¶�ªxp
� ª � Qìp ¶ ª � p��µQ H U f B L/2�y¸f�� U L�·�V�y¸f�$k`�p {�p/`��� U b�b�LTy
� Á Qìp ¶ Á p
�	
���Q H U f B L/2�y¸f�� U L�·�V�y¸f�$k`�p {�p/`���
�� U b�b�LTy

Figure14: Translationof 243657 termsto 2 38 terms

5 Translation from 243957 to 2 38
In this section,we show a translationfrom 2 3957 to 2 38 . Thelan-
guagesdiffer mainly in two ways.First, thetypecalculusin 2 38
is split into tagsandtypes,with typesusedsolelyfor typecheck-
ing andtagsusedfor analysis.Therefore,type passingin 243957
will getconvertedinto tagpassingin 2 38 . Second,the : ;�<>=�?/@�AD=
operatorin 243657 mustbeconvertedinto a C!=�<�?�@�AD= operatingon
termrepresentationof tags.

Figure13 shows the translationof 2 3957 typesinto 2 38 tags.
The primitive type constructorsget translatedinto the corre-
spondingtag constructors.The

B ;�<�=�C!=�? getsconverted into aB @�î�C!=�? . Thetranslationinsertsanarbitrarilychosenwell-kinded
resultinto thebranchfor the �  tagsincethesourcecontainsno
suchbranch.

The term translationis shown in Figure14. The translation
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> ` P 1$:�b^F6� ¤ ¥n¦> `�Z Z[b^FIHXJuf B L�2�y = f��RJML!H U f B L�2�y�@�f�� U L
�9¨¿W J Y `ay = b>W U9Y `ay	@�b> `ag g
b^FIHx��rcL!HKJ � far[Z_�ML�HKJufar]Z B L/2�yA=^f�� ��¨t� `aJcb�L
�9ªMW r Y �MW J � Y W J Y `ay�=�b> `ag gN��b^FIHXJuf�`ag�rKLN`ar[Z��cbdZ B b�L�2�y = f��¸ª �)'�� `aJcb�L
� ª � W J

Y `ay = b> ` , 0�b^FIHXJuf B Z B L�2�J�B
f��u��¨t�\`aJcb�L?�^ÁKW J Y `ay = b> `%��, @�?/=�b^FIHXJuf B L�2�y = f��RJML,�	
*��W J Y `ay = b> `aJcbdF]yA=> `¹HXrcL�{
b^FIH � rcL!HKJ � far[Z_�ML > `a{�b> `a{�W£v Y bdF > `a{
b>W£pnvxp Y � W � ~ Y> `�2�J¢f�vxL�{
b^FIHXJuf�pnvxpnL�2�y = f�� ~ JcL > `a{�b> `a{M{ � b^F > `a{
b>W£p { � p Y ` > `a{ � b�b
> ` B ;�<�=�C!=�?�{t*�)�`a{ ¤ ¥n¦ §�{ ¨ §�{�ª�§�{ ª � b�bRF`%·�VK)�fag>Juf B L��ÓJÉZ��ì`a{DC6JcbjLHXJuf B L�2�yA=�f��RJcLC!=�<�?�@�AD=�º�2�Juf B L��ì`a{ C Jcb%»�y = *�)

�^¤ ¥¯¦�Q > `a{$¤ ¥n¦Db
� ¨ Q HXJuf B L�2�yA=^f��ÓJML!H U f B L�2�y @ f�� U L> `a{ ¨ b>W J Y `ayA=�b>W U9Y `ay�@>bW { C J Y `%)�W J Y y = b>W { C U9Y `%)�W U6Y y	@�b
��ªSQ H � rcL!HKJ���far[Z��ML!HKJufar]Z B L/2�y = f��E��¨t�\`aJcb�L> `a{ ª b�W r Y �MW J � Y W J Y `ayA=�b�W£2 U farKL�{ C `aJ U b Y`¹H U farKL�2�y	@�faJ � U Lj)�W J U9Y `ayA=cW U6Y y	@�b�b
� ª � Q HXJuf�`ag�rKLN`ar�Z_�cbdZ

B b�L�2�y = f��¸ª �)'�� `aJcb�L> `a{ ª � b�W J
Y `ay = b�W HKrKL�2�J���far�Z��ML�{ C `aJ´W r Y J���b Y

`¹H � rcLTHXJ��dfar]Z��MLj)�W JÊW r Y J�� Y `ay = W r Y � W J�� Y b�b
��¿Q HXJuf B L�2�y = f��ÓJML > `a{$¤ ¥¯¦�b
� Á Q HXJuf B Z B L�2�y�=df�� ��¨t� `aJcb�L

��ÁcW£2 U f B L�{ C `aJÊ`���
�� U b�b Y`¹H U f B L�2�y	@�f�� U L)�W JÊ`���
�� U b Y `ay = W ��
�� U6Y `���
���W U6Y `ay	@�b�b�bDb
�	
*��Q HXJuf B L�2�yA=^f��ÓJMLTyA=�bW£p {�p Y> `a{
b

where{/C\F pn2�J¢f��ML B ;�<�=�C!=�?
JR*�)x`a{ ¤ ¥¯¦ §�{ ¨ §�{�ª�§${ ª � b�p
Figure15: Representationof 2 3957 typesas 2 38 terms

must maintaintwo invariants. First, for every accessiblekind
variable r , it addsa correspondingtype variable J � ; this vari-
ablegivesthetypeof thetermrepresentationfor a tagof kind r .
At every kind application,the translationusesthe function � ~
(Figure9) to computethis type. Thus, the translationsof kind
abstractionsandkind applicationsare

p H � rcLT°9p>FIH � rcLTHXJ���far[Z��ML�p °9p p ¶cW£v Y � p�F p ¶>p/W£pnvxp Y � W � ~ Y
Second,for every accessibletypevariableJ , a termvariabley =
is introduced,providing the correspondingterm representation
of J . At every typeapplication,thetranslationusesthefunction> `a{
b (Figure15) to constructthis representation.Furthermore,
typeapplicationgetsreplacedby anapplicationto a tag,andto

thetermrepresentationof thetag. Thusthetranslationsfor type
abstractionsandtypeapplicationsare

p HXJuf�vxL%°9p�FIHKJuf�pnvxpnL�2�yA=^f��t~6JML�p °9p p ¶cW { Y p�F p ¶>p�W£p {�p Y*> `a{�b
As pointedout before,thetranslationsof abstractionandthe

fixpoint operatorusethetaginterpretationfunction $ to maptags
to types.

We show the termrepresentationof typesin Figure15. The
primitive type constructorsget translatedto the corresponding
termrepresentation.The representationsof typeandkind func-
tionsaresimilar to thetermtranslationof typeandkind abstrac-
tions. The only involved caseis the term representationof aB ;�<�=�C!=�? . Since

B ;�<>=�C!=�? is recursive, we usea combinationof
a CT=/<>?�@�AD= anda ·�V . We will illustrateonly onecasehere; the
othercasescanbereasonedaboutsimilarly.

Considerthereductionof
B ;k`a{4�dZ_{4� �Tb , where

B ;�{ stands
for
B ;�<�=�C!=�?Ê{�*�)G`a{ ¤ ¥¯¦ §�{ ¨ §�{ ª §�{ ª � b . This type reducesto

{ ¨ { � { � � ` B ;M`a{ � b�b�` B ;¡`a{ � � b�b . Therefore,in the translation,the
term representationof {�¨ must be applied to the term repre-
sentationsof {x� , {x� � , andthe resultof the recursive calls to theB ;�<�=�C!=�? . Therepresentationsof { � and{ � � areboundto thevari-
ablesyA= and y	@ ; by assumptionthe representationsfor the re-
sultsof the recursive calls areobtainedfrom the recursive calls
to thefunction ) .

In thefollowing propositionstheoriginal 2 3657 kind environ-
ment s is extendedwith a kind environment su`amKb which binds
a type variable J�� of kind rÅZ � for eachrSË�m . Similarly
the term-level translationsextend the type environment w withwK`�sub , bindinga variabley�= of type �t~9J for eachtypevariableJ boundin s with kind v .
Proposition5.1 If mK§/s ÃÏ{ f v holds in 243957 , thenp mKpn§�pnsup£q6su`amXb�Ã©p {�p\f�p£v�p holdsin 2 38 .

Proof Followsdirectlyby inductionover thestructureof { . �

Proposition5.2 If mX§/sïÃO{Ôf�v and mX§/sïÃÕw hold in 2 3957 ,
then p mcp¯§�p¯stpnq6su`amKb�§/p wcpnq�wc`�s¢bdÃ > `a{�bÕf�� ~ p {�p holdsin 2 38 .

Proof By inductionover the structureof { . The only inter-
estingcaseis thatof a kind applicationwhich usesLemma4.2.
�

Proposition5.3 If mK§Nsu§�wÈÃ ¶¾fì{ holds in 243657 , thenp mKpn§�pnsup£q6su`amXb�§�p wMpnq�wK`�sub^ÃÊp ¶>p\f&$¸p {�p holdsin 2 38 .

Proof Thisis provedby inductionoverthestructureof ¶ , using
Lemmas4.3and 4.4. �

6 The untyped language

This sectionshows that in 2 38 typesarenot necessaryfor com-
putation.Figure16showsanuntypedlanguage2 38 F . Weshow a
translationfrom 2 38 to 2 38 F in Figure17. Theexpressionò is the
integerconstantone.
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`�«�¬�¯®�����bÎ°µfnfnF³²ÌpM2�y�L ¶[pX·�V�y�L °µpX)+*�, -K°p��^¤ ¥n¦up��9¨ p���¨µòIp��9¨µò9°p�� ¨ ò�°¡ò]p�� ¨ ò9°kò9° �p���ª�p��6ªcò]p���ªcò�ò[p���ªKò�ò�òp���ªKò�ò^ò9°p�� ª � p�� ª � òIp�� ª � ò9°p��^Á[p��^ÁdòIp��^Ádò9°p��	
��¸p���
���ò]p��	
*��ò9°p��  p��  ò]p��  ò9°
`�����¼N½G��b ¶µfnfnF³°µp�y�p�¶
¶���pK)+*�, -c¶�pX0$1$)¹*�, -c¶p�C!=�<�?�@�AD=�¶¸*�)x`a¶ ¤ ¥¯¦ §�¶ ¨ §�¶ ª §�¶ ª � §�¶ 8 §�¶ Á §�¶ 
�� b

Figure16: Syntaxof theuntypedlanguage2 38 F

² F F[²
`¹H � rcLT°6b F F 2 L ° F
`¹HXJuf�vxLT°6b F F 2 L ° F
`�2�yzfa{4L!¶>b F F 2�y�L ¶ F
`%·�V�yzfa{4L!°6b F FÇ·�V�y�L ° F
`%)¹*�, -�º {9»�¶>b F FÇ)¹*�, -c¶ F

`%0$1$)¹*�, -$º {9»�¶>b F FÇ0$1$)¹*�, -K¶ F
`a¶cW£v Y � b F F[¶ F ò
`a¶XW { Y b F F[¶ F ò
`a¶�¶4Ö�b F F[¶ F ¶xÖ F
�^¤ ¥n¦ F FG��¤ ¥¯¦
� ¨ F FG� ¨

`��9¨¿W { Y b F FG�9¨µò
`���¨ W { Y ¶>b F FG�9¨µò9¶ F

`���¨ W { Y ¶cW {4� Y b F FG�9¨µò9¶ F ò
`�� ¨ W { Y ¶KW { � Y ¶ Ö b F F

��¨µò9¶ F ò9¶xÖ F

�9ª F FG��ª
`��9ªMW£v Y � b F FG��ªKò

`��9ªMW+v Y �kW { Y b F FG��ªKò�ò
`��9ªMW+v Y �kW { Y W { � Y b F FG��ªKò�ò�ò
`���ª¡W£v Y � W { Y W { � Y ¶�b F FG��ªKò�ò�ò�¶ F

� ª �
F FG� ª �`�� ª � W {
Y b F FG� ª � ò`�� ª � W {
Y ¶�b F FG� ª � ò9¶

F
�^Á F FG�^Á

`���ÁcW { Y b F FG�^Á^ò
`�� Á W { Y ¶�b F FG� Á ò�¶ F

�	
�� F FG�	
��
`��	
*��W { Y b F FG�	
���ò
`��H
*��W { Y ¶�b F FG�	
���ò�¶ F

�� F FG��
`��  W { Y b F FG�  ò
`��IGW { Y ¶�b F FG��\ò�¶ F

`%C!=�<�?�@�AD=�º {9»�¶¸*�)�`a¶�¤ ¥¯¦�§�¶�¨©§$¶�ª�§�¶ ª � §�¶ 8 §�¶�Á�§�¶2
*�¹b�b
F F

C!=�<�?�@�AD=�¶ F *�)4`a¶�¤ ¥¯¦ F §�¶�¨ F §�¶�ª F §�¶ ª �
F §�¶ 8 F §�¶�Á F §�¶2
*� F b

Figure17: Translationof 2 38 to 2 38 F

Thetranslationreplacestypeandkind applications(abstrac-
tions) by a dummyapplication(abstraction),insteadof erasing
them. In the typedlanguage,a typeor a kind canbeappliedto
a fixpoint. This resultsin an unfolding of the fixpoint. There-
fore, the translationinsertsdummyapplicationsto preserve this
unfolding.

The untyped languagehas the following property which
shows thattermreductionin 2 38 F parallelstermreductionin 2 38 .

Proposition6.1 If ¶kÑ C ¶ Ö , then¶ F Ñ C ¶ Ö F .

7 Related work and conclusions

Our work closely follows the framework proposedin Crary et
al. [3]. However, aswe pointedbefore,they considera language
thatanalyzesinductively definedtypesonly. Extendingtheanal-
ysis to arbitrarytypesmakesthetranslationmuchmorecompli-
cated.Thesplitting of thetypecalculusinto typesandtags,and
defininganinterpretationfunctionto mapbetweenthetwo, is re-
latedto theideasproposedby CraryandWeirichfor thelanguage
LX [2], which providesa rich kind calculusanda constructfor
primitiverecursionover types.Thisallowstheuserto definenew
kindsandrecursive operationsover typesof thesekinds.

Thisframework alsoresemblesthedictionarypassingstylein
Haskell [12]. Thetermrepresentationof atypemaybeviewedas
the dictionarycorrespondingto the type. However, the authors
considerdictionary passingin an untypedcalculus;moreover,
they do not considertheintensionalanalysisof types.Duboiset
al. [4] alsopassexplicit typerepresentationsin their extensional
polymorphismscheme.However, they do not provide a mecha-
nismfor connectinga typeto its representation.Minamide’s [8]
type-lifting procedureis alsorelatedto our work. His procedure
maintainsinterrelatedconstraintsbetweentypeparameters;how-
ever, his languagedoesnotsupportintensionaltypeanalysis.

Duggan[5] proposesanotherframework for intensionaltype
analysis.His systemallows for theanalysisof typesat theterm
level only. It addsa facility for defining type classesand al-
lows type analysisto be restrictedto membersof suchclasses.
Yang [15] presentssomeapproachesto enabletype-safepro-
grammingof type-indexedvaluesin ML which is similar to term
level analysisof types. Aspinall [1] studieda typed 2 -calculus
with subtypesandsingletontypes.

Necula[11] proposedthe ideaof a certifying compilerand
showedtheconstructionof a certifying compilerfor a type-safe
subsetof C.Morrisettetal. [10] showedthatafully typepreserv-
ing compilergeneratingtype safeassemblycodeis a practical
basisfor acertifying compiler.

We have presenteda framework thatsupportstheanalysisof
arbitrarysourcelanguagetypes,but doesnotrequireexplicit type
passing.Instead,term level representationsof typesarepassed
at runtime.Thisallows theuseof termlevel constructsto handle
typeinformationat runtime.
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A The language 243657
In this section,we compare2 3657 with the languagesproposed
in [13], speciallyfor thoseunfamiliar with thepreviouswork.

Thelanguage243657 is asimplificationof thelanguage2 â7 pro-
posedin [13] whichallowsunrestrictedtypeanalysis.In 2 â7 , the
resultof the

B ;�<>=/CT=/? is not restrictedto beof kind � ; moreover,
while analyzinga recursive type, the

B ;�<>=�C!=�? is not requiredto
returnanotherrecursive type. Thekind andtypecalculusof 2 â7
is shown below, while thetermcalculusis identical.

`,��² Ú��KJ b vÉfnf£FSr�p1L�vÉpcv�Z�v � p
g>rcL�v
` ù ý�û�¶ J bh{Àfnf£FSJìp P 1$:up;MZ Z�p Mg g p Mg gN�tp M, 0[pX��, @�?/=p´2�Juf�vxL�{ p�{c{ � p�HXrcL%{ p�{�W+v Yp B ;�<�=�C!=�?�{t*�)x`a{$¤ ¥n¦D§�{�¨©§�{�ª>§�{ ª � §�{$Á�b

To allow generaltypeanalysis,24â7 usesparameterizedkinds L�v .
The kind � is thenmodeledas g�rKL�L¹r . The

B ;�<�=�C!=�? analyzes
typesof kind L�v , andreturnsa typeof kind v . (Referto [13] for
details). The presenceof parameterizedkinds complicatesthe
systemandmakes the translationinto a type erasuresemantics
unclear.

On theotherhand,thelanguage2 37 [13] shown below hasa
translationinto a typeerasuresemantics.This languagesupports
fully generalanalysisof polymorphictypes.

`����¹������b v�fnfnF �ìpMvtZÎv���p�r�p
g>rcL�v
`�����������b {�fnfnF P 1$:upcZ Z�p
g g p�g gN�pGJìp
HKrKL�{ pM2�Juf�vxL�{ p�{�W£v Y p
{M{4�p B ;�<>=�C!=�?
{t*�)4`a{�¤ ¥¯¦�§�{�¨©§${�ªx§${ ª � b
`�«�¬�¯®�����b±°�fnfnF�²Ìp
H � rcL%¶[p
HKJ¢f�vxL�¶�pc2�yzfa{4LT¶�pX·�V�yzfa{4L!°
`�����¼j½¢��b¾¶�fnfnF�°µp
yÀp
¶KW+v Y � p
¶cW { Y p
¶�¶ �pÌ: ;�<>=�?/@�AD=/º {�»�{ � *�)x`a¶>¤ ¥n¦D§�¶�¨Ê§�¶�ª�§�¶ ª � b
Therefore,to supportfully reflexive typeanalysisin a typeera-
suresemantics,we mustbaseour languageon 2 37 . Accordingly,
to arrive at 243657 , we augmentthe type calculusof 2 37 with re-
cursive typesandrecursive type analysis.Correspondingly, we
extendthe term calculusof 2 37 with )¹*�, - and 0$1$)+*�, - operators,
andadda branchfor recursive typesto the : ;�<>=�?/@�AD= operator.
This, in turn, requiresthat we restrict type analysissuitably to
ensurea soundanddecidabletypesystem.
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