CS 430: Formal Semantics Assignment 2 Sample Solution
Prepared by: Shu-Chun Weng
Based on work by Antonis Stampolis
Reynolds, exercise 2.2
(a) Syntax of commands is extended as follows:
¢u=---|repeat ¢ until b
The semantic function for this command is:

[repeat ¢ until b]comm = (Ysuox, F)u - [c]comm
where F'f 0 = if [b]booic then o else fi ([¢]comm?)

(b)

[repeat ¢ until b]comm = [¢; while =b do ¢]comm

(¢) From (a), we have:

F = AfAo.if [b]booic then o else fi ([¢]commO)
= AfAo.if [-b]booio then fi ([Jcommo) else o
=def G

Thus (Ysox, F) = (Yso s, G) by uniqueness of least fixed-point. But note that (Ys_,5, G) is exactly
the same to [while =b do ¢]comm by definition of the semantics for while. Therefore,

Yso»n F )J.L([[C]]commo)
Ysox, ) ([[C]]commg)

[repeat ¢ until b]commo (
(
IIWhlle —-b do C]]commJ_L([[C]]commU)
[

¢; while —b do ¢]commo

Reynolds, exercise 2.3
The F used to define the semantics of the while loop is defined as

F fo = 1if [b]booic then fi ([¢Jcommo) else o
= if ox #0 then flo |z :0x —2] else o

We shall prove by induction that, for n > 0,
F"1 o =1if even(ox) A0 < ox < 2n then [0 |z:0] else L

Base case: forn =0, LHS =1 1 o = | and the condition 0 < oz < 0 is never true, hence RHS = 1 = LHS.



Induction step: suppose that F'" is as claimed, consider F"t1:

F'Wl'lo = F(F"l)o
= if ox #0 then F"l[o|xz:0x —2] else o
if ox # 0 then
if even(fo |z :0x —2|z)AO<[o|xz:00—2]z <2n then [0 |z:0x—2|x:0] else L
else o
= if ox #0 then
if even(ox —2)A0<ocx—2<2n then [0 |xz:0] else L
else [o|x:0]
= if (even(ox)A2<ox<2n+2)Vax =0 then [o|z:0] else L
if (even(ox) A0 < ox < 2n+2) then [o|z:0] else L

Then, with the property of the least fix-point,

oo

Yooun, Fo = (|_| F'l)o

n=0
o0

= |_| (F"L o) By Prop. 2.2
n=0

= 1if even(ox) Aoz >0 then [0 |x:0] else L

Reynolds, exercise 2.4

We need to show that F = Af.Ao. if [b]pooic then f ([c]commo) else o is continues. We begin by
showing that F is monotone, that is, for all f C f/, Ff C Ff’, or Vo, Ff o C Ff’ o. This is simple to show
by splitting cases on [b]hoo10, and noting that fi T f/, in the case when [b]po010 = true.

Now to show that F' is continuous, we need to show that for a chain fy C f1 C - -+,

F(L]r=]FsR)
i=0 i=0
& VU.F(U fi)o = (|_|(Ffl))a
i=0 i=0
& VO’.F(D fi)o = D(Ffl o) because of monotonicity and Prop. 2.2
=0 =0
& Vo.if [b]pooic then (|_| i) ([c]commo) else o = |_| if [b]booro then (fi)u ([Jcommo) else o
i=0 i=0

This again is simple to prove by splitting cases on [b]pooio. If it is equal to false, then the LHS evaluates to



o, while the RHS evaluates to | |o = o. If it is equal to true, then:

LHS = (I_l fi)lL(l[C]]commo')
1=0
= (I_I(fi)lL)([[C]]commU) by continuity of (=)
1=0
= (Ll(fi)lL([[C]]commU)) by PfOp. 2.2
1=0
= RHS

Reynolds, exercise 2.9

def
for v:=¢j5 to e; do ¢ =

newvar v := ey in newvar w := e; in while v <w do (¢;v :=v + 1) if v = w then c else skip



