
CS 430: Formal Semantics Assignment 3 Sample Solution

Prepared by: Shu-Chun Weng

Reynolds, exercise 5.1 (a, b)

[[c]]direct[x : m] =







[x : 0] if m ≥ 0 and m is even
〈abort, [x : 1]〉 if m > 0 and m is odd
⊥ otherwise

[[c]]contκtκf [x : m] =







κt[x : 0] if m ≥ 0 and m is even
κf [x : 1] if m > 0 and m is odd
⊥ otherwise

Reynolds, exercise 5.3

[[catchin c0 with c1]]
directσ =







⊥ if [[c0]] σ = ⊥
σ′ if σ′ = [[c0]] σ 6= ⊥
[[c1]] σ

′ if 〈abort, σ′〉 = [[c0]] σ

[[catchin c0 with c1]]
contκtκfσ = [[c0]] κt(λσ

′ ∈ Σ. [[c1]] κtκfσ
′)σ

Reynolds, exercise 5.4(b)

[[newvar v := e in c]] κtκfσ = [[c]] (λσ′ ∈ Σ. κt[σ
′ | v : σv])

(λl ∈ 〈label〉. λσ′ ∈ Σ. κf l [σ′ | v : σv])

[σ | v : [[e]]intexpσ]

[[fail l]] κtκfσ = κf l σ

[[catch l in c0 with c1]] κtκfσ = [[c0]] κt

(λl′ ∈ 〈label〉. λσ′ ∈ Σ.

if l = l′ then [[c1]] κtκfσ
′ else κf l′ σ′)

σ

And the rest remains the same.

Problem 4

Problem statement. Show that either the direct or the continuation denotational semantics (of a language
without fail) does not distinguish the following commands:

if x = 0 then ?y; !y+ 1 else ?y; !y+ 2

and
?y; if x = 0 then !y+ 1 else !y+ 2
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Let

c1 = if x = 0 then ?y; !y+ 1 else ?y; !y+ 2

c2 = ?y; if x = 0 then !y+ 1 else !y+ 2

For direct semantics

[[c1]]
directσ

=

{

[[?y; !y+ 1]]directσ
[[?y; !y+ 2]]directσ

if σx = 0
if σx 6= 0

=

{

[[!y+ 1]]direct
∗

([[?y]]directσ)
[[!y+ 2]]direct

∗
([[?y]]directσ)

if σx = 0
if σx 6= 0

=

{

[[!y+ 1]]direct
∗

(ıin(λk ∈ Z. ıterm[σ | y : k]))
[[!y+ 2]]direct

∗
(ıin(λk ∈ Z. ıterm[σ | y : k]))

if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. [[!y+ 1]]direct[σ | y : k])
ıin(λk ∈ Z. [[!y+ 2]]direct[σ | y : k])

if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. ıout(k + 1, ıterm[σ | y : k]))
ıin(λk ∈ Z. ıout(k + 2, ıterm[σ | y : k]))

if σx = 0
if σx 6= 0

[[c2]]
directσ

= [[if x = 0 then !y+ 1 else !y+ 2]]direct
∗

([[?y]]directσ)

= [[if x = 0 then !y+ 1 else !y+ 2]]direct
∗

(ıin(λk ∈ Z. ıterm[σ | y : k]))

= ıin(λk ∈ Z.

{

[[!y+ 1]]direct
∗

(ıterm[σ | y : k])
[[!y+ 2]]direct

∗
(ıterm[σ | y : k])

)
if [σ | y : k]x = 0
if [σ | y : k]x 6= 0

= ıin(λk ∈ Z.

{

ıout(k + 1, ıterm[σ | y : k])
ıout(k + 2, ıterm[σ | y : k])

)
if [σ | y : k]x = 0
if [σ | y : k]x 6= 0

But since the extension of σ on y does not effects the value x maps to, the
predicates are equivalent to testing if σx = 0 or not.

= ıin(λk ∈ Z.

{

ıout(k + 1, ıterm[σ | y : k])
ıout(k + 2, ıterm[σ | y : k])

)
if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. ıout(k + 1, ıterm[σ | y : k]))
ıin(λk ∈ Z. ıout(k + 2, ıterm[σ | y : k]))

if σx = 0
if σx 6= 0

= [[c1]]
direct
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For continuation semantics:

[[c1]]
contκσ

=

{

[[?y; !y+ 1]]contκσ
[[?y; !y+ 2]]contκσ

if σx = 0
if σx 6= 0

=

{

[[?y]]cont([[!y+ 1]]contκ)σ
[[?y]]cont([[!y+ 2]]contκ)σ

if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. [[!y+ 1]]contκ[σ | y : k])
ıin(λk ∈ Z. [[!y+ 2]]contκ[σ | y : k])

if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. ıout(k + 1, κ[σ | y : k]))
ıin(λk ∈ Z. ıout(k + 2, κ[σ | y : k]))

if σx = 0
if σx 6= 0

[[c2]]
contκσ

= [[?y]]cont([[if x = 0 then !y+ 1 else !y+ 2]]contκ)σ

= ıin(λk ∈ Z. [[if x = 0 then !y+ 1 else !y+ 2]]contκ[σ | y : k])

= ıin(λk ∈ Z.

{

[[!y+ 1]]contκ[σ | y : k]
[[!y+ 2]]contκ[σ | y : k]

)
if [σ | y : k]x = 0
if [σ | y : k]x 6= 0

= ıin(λk ∈ Z.

{

ıout(k + 1, κ[σ | y : k])
ıout(k + 2, κ[σ | y : k])

)
if [σ | y : k]x = 0
if [σ | y : k]x 6= 0

Similarly since the extension of σ on y does not effects the value x maps to, the
predicates are equivalent to testing if σx = 0 or not.

= ıin(λk ∈ Z.

{

ıout(k + 1, κ[σ | y : k])
ıout(k + 2, κ[σ | y : k])

)
if σx = 0
if σx 6= 0

=

{

ıin(λk ∈ Z. ıout(k + 1, κ[σ | y : k]))
ıin(λk ∈ Z. ıout(k + 2, κ[σ | y : k]))

if σx = 0
if σx 6= 0

= [[c1]]
cont

Reynolds, exercise 6.1(a)

〈while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 3]〉

−→ 〈if x = 1 then fail else x := x− 2;while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 3]〉

−→ 〈x := x− 2;while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 3]〉

−→ 〈while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 1]〉

−→ 〈if x = 1 then fail else x := x− 2;while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 1]〉

−→ 〈fail;while x 6= 0 do if x = 1 then fail else x := x− 2, [x : 1]〉

−→ 〈abort, [x : 1]〉
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Reynolds, exercise 6.2

(a)
〈repeat c until e, σ〉 −→ 〈c; if e then skip else repeat c until e, σ〉

(b)

〈c0, σ〉 −→ 〈c′0, σ
′〉

〈catchin c0 with c1, σ〉 −→ 〈catchin c′0 with c1, σ
′〉

〈c0, σ〉 −→ σ′

〈catchin c0 with c1, σ〉 −→ σ′

〈c0, σ〉 −→ 〈abort, σ′〉

〈catchin c0 with c1, σ〉 −→ 〈c1, σ
′〉

(c)

〈c0, σ〉 −→ 〈c′0, σ
′〉

〈catch l in c0 with c1, σ〉 −→ 〈catch l in c′0 with c1, σ
′〉

〈c0, σ〉 −→ σ′

〈catch l in c0 with c1, σ〉 −→ σ′

〈c0, σ〉 −→ 〈l′, σ′〉

〈catch l in c0 with c1, σ〉 −→ 〈l′, σ′〉
when l 6= l′

〈c0, σ〉 −→ 〈l′, σ′〉

〈catch l in c0 with c1, σ〉 −→ 〈c1, σ
′〉

when l = l′
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Reynolds, exercise 6.4

We write σ̂ to represent both σ and 〈abort, σ〉.

〈v := e, σ〉 ⇒ [σ | v : [[e]]intexpσ] 〈skip, σ〉 ⇒ σ 〈fail, σ〉 ⇒ 〈abort, σ〉

〈c0, σ〉 ⇒ σ′′ 〈c1, σ
′′〉 ⇒ σ̂′

〈c0; c1, σ〉 ⇒ σ̂′

〈c0, σ〉 ⇒ 〈abort, σ′〉

〈c0; c1, σ〉 ⇒ 〈abort, σ′〉

〈c0, σ〉 ⇒ σ̂′

〈if b then c0 else c1, σ〉 ⇒ σ̂′
when [[b]]boolexpσ = true

〈c1, σ〉 ⇒ σ̂′

〈if b then c0 else c1, σ〉 ⇒ σ̂′
when [[b]]boolexpσ = false

〈c, σ〉 ⇒ σ′′ 〈while b do c, σ′′〉 ⇒ σ̂′

〈while b do c, σ〉 ⇒ σ̂′
when [[b]]boolexpσ = true

〈c, σ〉 ⇒ 〈abort, σ′〉

〈while b do c, σ〉 ⇒ 〈abort, σ′〉
when [[b]]boolexpσ = true

〈while b do c, σ〉 ⇒ σ
when [[b]]boolexpσ = false

〈c, [σ | v : [[e]]intexpσ]〉 ⇒ σ′

〈newvar v := e in c, σ〉 ⇒ [σ′ | v : σv]

〈c, [σ | v : [[e]]intexpσ]〉 ⇒ 〈abort, σ′〉

〈newvar v := e in c, σ〉 ⇒ 〈abort, [σ′ | v : σv]〉
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