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inspection in a type-unsafe manner. In this paper, we present a stat-

ABSTRACT
. . . . _ically typed intermediate language that allows runtime type analy-
Compilers for polymorphic languages can use runtime type inspec sis to be coded within the language. This allows us to leverage the

tion to support advanced implementation techniques such as tagless . :
garbage collection, polymorphic marshalling, and flattened data power of dynampally typed languages, yet retain the advantages of
structures. Intensional type analysis is a type-theoretic framework static type.checklr?g. .

for expressing and certifying such type-analyzing computations. Supportlng runtime type anaIyS|s n atype-safe manner has been
Unfortunately, existing approaches to intensional analysis do not an active area of res_earch. This paper builds on existing work [8]
work well on types with universal, existential, or fixpoint quanti- but makes the following new contributions:

fiers. This makes itimpossible to code applications such as garbage
collection, persistence, or marshalling which must be able to exam-
ine the type of any runtime value.

We present a typed intermediate language that supfudlgse-
flexiveintensional type analysis. By fully reflexive, we mean that
type-analyzing operations are applicable to the type of any runtime
value in the language. In particular, we provide both type-level and
term-level constructs for analyzing quantified types. Our system
supports structural induction on quantified types yet type checking
remains decidable. We show how to use reflexive type analysis to
support type-safe marshalling and how to generate certified type-
analyzing object code.

Keywords: certified code, runtime type dispatch, typed intermedi-
ate language.

e We support fully reflexive type analysis at the term level.
Consequently, programs can analyze any runtime value such
as function closures and polymorphic data structures.

e We support fully reflexive type analysis at the type level.
Therefore, type transformations operating on arbitrary types
can be encoded in our language.

e \We prove that the language is sound and that type reduction
is strongly normalizing and confluent.

In the companion technical report [18], we also show a translation
into a language with type erasure semantics [2]. In a type preserv-
ing compiler this provides an approach to typed closure conversion
which allows generation of certified object code.

2. MOTIVATION

1. INTRODUCTION . o . .
The core issue that we address in this paper is the design of a
Runtime type analysis is used extensively in various applications statically typed intermediate language that supports runtime type
and programming situations. Runtime services such as garbage colanalysis. Why is this important? Modern programming paradigms
lection and dynamic linking, applications such as marshalling and are increasingly giving rise to applications that rely critically on

pickling, type-safe persistent programming, and unboxing imple- type information at runtime, for example:

mentations of polymorphic languages all analyze types to various
degrees at runtime. Most existing compilers use untyped intermedi-
ate languages for compilation; therefore, they support runtime type
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e Java adopts dynamic linking as a key feature, and to ensure

safe linking, an external module must be dynamically veri-
fied to satisfy the expected interface type.

A garbage collector must keep track of all live heap objects,
and for that type information must be kept at runtime to allow
traversal of data structures.

In a distributed computing environment, code and data on
one machine may need to be pickled for transmission to a
different machine, where the unpickler reconstructs the data
structures from the bit stream. If the type of the data is not
statically known at the destination (as is the case for the en-
vironment components of function closures), the unpickler
must use type information, encoded in the bit stream, to cor-
rectly interpret the encoded value.

Type-safe persistent programming requires language support
for dynamic typing: the program must ensure that data read
from a persistent store is of the expected type.



e Finally, in polymorphic languages like ML, the type of a (kinds) K = Q| k— &
value may not be known statically; therefore, compilers have
traditionally used inefficient, uniformly boxed data represen- (cons) T ou=int| 77 || kT |77
tation. To avoid this, several modern compilers [23, 19, 25] | Typerec 7 of (Tin; 7—)
use runtime type information to support unboxed data repre-

sentation. (types) o == 7 | Vaik.o

When compiling code which uses runtime type inspections, most ) )
existing compilers use untyped intermediate languages, and reify ~ Figure 1: The type language of Harper and Morrisett
runtime types into values at some early stage. However, discarding
type information during compilation puts this approach at a serious
disadvantage when it comes to generating certified code [13].

Code certification is appealing for a number of reasons. One Heresub analyzes the type of the array elements and returns the
need not trust the correctness of a compiler generating certified appropriate subscript function. We assume that arrays ofitype
code; instead, one can verify the correctness of the generated codeand real have specialized representations (defined by types, say,
Checking the correctness of a compiler-generated proof (of a pro- intarray andrealarray), and therefore special subscript functions,
gram property) is much easier than proving the correctness of thewhile all other arrays use the default boxed representation.
compiler. Secondly, with the growth of web-based computing, pro-  Typing this subscript function is more interesting, because it
grams are increasingly being developed at remote sites and shippednust have all of the typemtarray — int — int, realarray —
to clients for execution. Client programs may also download mod- int — real, andVa. boxedarray (o) — int — «. To assign a type
ules dynamically as they need them. For such a system to be prac+o the subscript function, we need a construct at the type level that
tical, a client should be able to accept code from untrusted sources,parallels thetypecase analysis at the term level. In general, this
but have a means of verifying it before execution. This again re- facility is crucial since many type-analyzing operations like flatten-
quires compilers that generate certified code. ing and marshalling transform types in a non-uniform way. The

A necessary step in building a certifying compiler is to have the subscript operation would then be typed as
compiler generate code that can be type-checked before execution.
The type system ensures that the code accesses only the provided
resources, makes legal function cakdc A certifying compiler
can support runtime type analysis only in a typed framework.

The safety of such a system depends not only on the downloaded
code, but also on the correctness of all the code that is executed by

the system after type checking. This typically includes the runtime The Typecase construct in the above example is a special case of

services like garbage collection, linkingtc This code constitutes  the Typerec construct in [8], which also supports primitive recur-
the trusted computing base of the system. Reducing the trustedsjon over types.

computing base makes the system more reliable; for this, we must

independently verify the correctness of this code. This impliesthat 2 2 The pr0b|em
as many of the runtime services as possible should be written in a
type-safe language, which requires support for runtime type analy-
sis in a typed framework.

Finally, why is it important to have fully reflexive type analy-
sis? Why do we want to analyze quantified types? Many type-
analyzing applications mentioned above must handle arbitrary run-
time values. For example, a pickler must be able to pickle any
value, including closures (which have existential types), polymor-
phic functions, or recursive data structures. A garbage collector hasa simply typed lambda calculus, with no polymorphic types. The
to be able to traverse all data structures in the heap to track live ob-_l_ ¢ | | ' truct fb nd '
jects. Therefore the language must support type analysis over any yperec operalor analyzes only constructors ot base &
runtime value in the language. int : Q

— . Q-0-0

sub : Va.Array(a) — int — «
where Array = \a. Typecase a of
int = intarray
real = realarray
B = boxedarray 3

The language of Harper and Morrisett only allows the analysis of
monotypes; it does not support analysis of types with binding struc-
ture .g.,polymorphic, existential or recursive types). Therefore,
type analyzing primitives that handle polymorphic code blocks,
closures (since closures are represented as existentials [11]), or re-
cursive structures, cannot be written in their language. The types
in their language (in essence shown in Figure 1) are separated into
two universesgonstructorsandtypes The constructor calculus is

2.1 Background

Harper and Morrisett [8] proposed intensional type analysis and The kinds of these constr_uctors'_arguments do not contain any neg-
presented a type-theoretic framework for expressing computations@tive occurrence of the kind, soint and— can be used to define
that analyze types at runtime. They introduced two explicit type- ¢ inductively. TheTyperec operator is essentially an iterator over
analysis operators: one at the term lewgbécase) and another this inductive definition; its reduction rules can be written as:
at the type level Typerec); both use induction over the structure
of types. Type-dependent primitive functions use these operators
to analyze types and select the appropriate code. For example, atyperec (11 — 72) of (Tint; 7) ~
polymorphic subscript function for arrays might be written as the ~ 7= 7172 (Typerec 71 of (7int; 7)) (Typerec 72 of (int; 7))
following pseudo-code:

Typerec int of (Tint; T—) ~> Tint

Here theTyperec operator examines the head constructor of the

sub = A«. typecase a of type being analyzed and chooses a branch accordingly. If the type is
int = intsub int, it reduces to the;,. branch. If the type is; — 72, the analysis
real = realsub proceeds recursively on the subtypesandr,. The Typerec op-

3 = boxedsub [3] erator then applies the_, branch to the original component types,



and to the result of analyzing the components; thus providing a
form of primitive recursion.

Types with binding structure can be constructed using higher-
order abstract syntax. For example, the polymorphic type con-
structorV can be given the kind2 — Q) — ©Q, so that the type
Va:Q. oo — avisrepresented ag(Aa: Q2. a — «). It would seem
plausible to define an iterator with the reduction rule:

Typerec (V1) of (Tint; 7—; Tv)
~ 7y T (Aa: Q. Typerec T a of (Tint; T—; 7v))

However the negative occurrencefin the kind of the argument
of ¥ poses a problem: this iterator may fail to terminate! Consider
the following example, assuming = Aa: Q. « and

Tv=A01:Q > QA32:Q — Q.32 (VB3)
the following reduction sequence will go on indefinitely:

Typerec (V1) of (Tint; 7—; Tv)

v T (A : Q. Typerec 7 o of (Tint; T—; 7v))
Typerec (7 (V7)) of (Tint; T—; Tv)
Typerec (V1) of (Tint; T—; Tv)

la%ed
laSd

A

Clearly this makes typecheckifyperec undecidable.

Another serious problem in analyzing quantified types involves
both the type-level and the term-level operators. Typed interme-
diate languages like FLINT [20] and TIL [24] are based on the
calculusF,, [5, 17], which has higher order type constructors. In a
quantified type, sa¥«: . 7, the quantified variable is no longer
restricted to a base kind, but can have an arbitrary kind Con-
sider the term-levelypecase in such a scenario:

sub = Aa. typecase a of
int = €int

da:k. 7= e3

To do anything useful in thes branch, even to open a package of
this type, we need to know the kind We can get around this by
having an infinite number of branches in tlypecase, one for each
kind; or by restricting type analysis to a finite set of kinds. Both of
these approaches are clearly impractical. Recent work on typed
compilation of ML and Java has shown that both would require an
F,-like calculus with arbitrarily complex kinds [21, 22, 9].

2.3 Requirements for a solution

Before we discuss our solution, let us look at the properties we
want it to have.

First, our language must support type analysis in the manner of
Harper/Morrisett. That is, we want to include type analysis prim-
itives that will analyze the entire syntax tree representing a type.
Second, we want the analysis to continue inside the body of a quan-
tified type; handling quantified types parametrically, or in a uniform
way by providing a default case, is insufficient. As we will see later,
many interesting type-directed operations require these two prop-
erties. Third, we do not want to restrict the kind of the (quantified)
type variable in a quantified type; we want to analyze types where
the quantification is over a variable of arbitrary kind.

Consider a type-directed pickler that converts a value of arbitrary
type into an external representation. Suppose we want to pickle a
closure. With a type-preserving compiler, the type of a closure
would be represented as an existential with the environment held
abstract. Even if the code is handled uniformly, the function must
inspect the type of the environment (which is also the witness type

of the existential package) to pickle it. This shows that at the term
level, the analysis must proceed inside a quantified type. In Sec-
tion 3.2, we show the encoding of a polymorphic equality function
in our calculus; the comparison of existential values requires a sim-
ilar technique.

The reason for not restricting the quantified type variable to a
finite set of kinds is twofold. Restricting type analysis to a finite
number of kinds would bad hocand there is no way of satisfacto-
rily predetermining this finite set (this is even more the case when
we compile Java into a typed intermediate language [9]). More
importantly, if the kind of the bound variable is a known constant
in the corresponding branch of tAgperec construct, it is easy to
generalize the non-termination example of the previous section and
break the decidability of the type system.

2.4 Our solution

The key problem in analyzing quantified types such as the poly-
morphic typeVa : Q. o — « is to determine what happens when
the iteration reaches the quantified type variabl®r (in the gen-
eral case of type variables of higher kinds) a normal form which is
an application with a type variable in the head.

One approach would be to leave the type variable untouched
while analyzing the body of the quantified type. The equational
theory of the type language then includes a reduction of the form
(Typerec a of ...) ~ « so that the iterator vanishes when it
reaches a type variable. However this would break the confluence
of the type language—the application xf : 2. Typerec « of . ..
to 7 would reduce in general to different types if we perform the
[B-reduction step first or eliminate the iterator first.

Crary and Weirich [1] propose another method for solving this
problem. Their language LX allows the representation of terms
with bound variables using deBruijn notation and an encoding of
natural numbers as types. To analyze quantified types, the iterator
carries an environment mapping indices to types; when the iterator
reaches a type variable, it returns the corresponding type from the
environment. This method has several disadvantages.

e |t is not fully reflexive, since it does not allow analysis of
all quantified types—their analysis is restricted to types with
guantification only over variables of kir{d.

e The technique is “limited tgparametrically polymorphic
functions, and cannot account for functions that perform in-
tensional type analysis” [1, Section 4.1]. For example poly-
morphic types such agx: Q. Typerec a of ... are not ana-

lyzable in their framework.

e The correctness of the structure of a type encoded using de-
Bruijn notation cannot be verified by the kind language (in-
dices not corresponding to bound variables go undetected,
so the environment must provide a default type for them),
which does not break the type soundness but opens the door
for programmer mistakes.

To account for non-parametrically polymorphic functions, we
must analyze the quantified type variable. Moreover, we want to
have confluence of the type language, &oeduction should be
transparent to the iterator. This is possible only if the analysis gets
suspended when it reaches a type variable, or its application, of
kind 2, and resumes when the variable gets substituted. Therefore,
we considef Typerec v of ... ) to be a normal form. For example,
the result of analyzing the body (— int) of the polymorphic type
Va:k.a — intis

Typerec (o — int) of (Tine; T—; Tv) ~>
7— acint (Typerec a of (Tint; 7—; 7v)) (Tint)



We formalize the analysis of quantified types when we present the (kinds)
type reduction rules of th@yperec construct (Figure 5).

The other problem is to analyze quantified types when the quan-
tified variable can be of an arbitrary kind. In our language the so-
lution is similar at both the type and the term levels: we use kind
polymorphism! We introduce kind abstractions at the type level
(Ax.7) and at the term Ievel{‘(+x. e) to bind the kind of the quan-
tified variable. (See Section 3 for details.)

Kind polymorphism also ensures the termination of Tgperec
constructor. Consider again the analysis of the polymorphic type:

Qlr—r | x|k

=
Il

int| — | V|V
a| Ax.7 | Akt | T[] | TT
Typerec[s] 7 of (Tint; T—; Tv; Tt)

(types) T =

i | A+X.e | Aa:k.e | Ax:T.e | fixz:T.v

(values) v ::

+ ’
vlzlels] [e[r]]ee
typecase[7] 7' of (eint; e—; ev; e )

(terms) e =

Typerec (V1) of (Tint; T7—; Tv)
~ 7y T (A Q. Typerec 7 o of (Ting; T3 7)) Figure 2: Syntax of the\!” language

Informally, we must ensure that the type being analyzed decreases
in size at every iteration. That isx is smaller thar¥r. (Note that T =((—)1)7
the previous non-terminating example violates this requirement). Vaik. 7= (V[k]) Aa:ik.7)
This will be true if we can ensure thatis always substituted by a v v (A
single variable. Therefore, we make the kinchadibstract by using X-T=V (Ax.7)
kind polymorphism;a now has the kind bound in the, branch.
The only way to construct another type of this kind is to bind a
type variable of the same kind in the branch. This ensures that
« can only be substituted by another type variable.

Itis important to note that our language provides no facilities for

Figure 3: Syntactic sugar for A\ types

kind analysis. Analyzing the king of the bound variablex in the following environments:

typeV(_)\a DK.T) Woul_d let us synthesi_ze a type argument of the kind environment & = | &x

same kind, for every kind. '_I'he_synthesmed type can then be us_ed type environment A = e | A,a:k

in the style of the non-termination example of the previous section. term environment I' == ¢ | [, z:7

Intuitively, we would not be able to guarantee that the type being

analyzed decreases at every step. TheTyperec operator analyzes polymorphic types with bound vari-

The rest of the paper is organized as follows. Section 3 describesables of arbitrary kind. The corresponding branch of the operator
the language\!” supporting analysis of polymorphic and existen- mMust bind the kind of the quantified type variable; for that purpose
tial types. Section 4 presents the languadethat also includes  the language provides kind abstractidn ) and kind application
support for analysis of recursive types. In the companion technical (7 [«]) at the type level. The formation rules for these constructs,
report [18] we also show a translation into a language with type €xcerpted from Figure 4, are

erasure semantics [2]. EXGAFT K EAFT VY. kK EFK
ESAFAX.T VXK EAF TR 2 rk{K'/x}
3. ANALYZING POLYMORPHIC TYPES - . . .
_ o ) Similarly, while analyzing a polymorphic type, the term-level con-
In the impredicativer, calculus, the polymorphic typ&gy: x. 7 structtypecase must bind the kind of the quantified type variable.

can be viewed as generated by an infinite set of type constructors—l-herefore, we introduce kind abstractiorm+§(. ¢) and kind appli-
V.. of kind (v — Q) — Q, one for each kind. The typevVa: k. T i ) at the t level. To t the term-level kind abstrac-
is then represented &g (Aa: . 7). The kinds of constructors that cation g [«] ) at the term level. To type the term-level kind abstrac

can generate types of kirfdthen would be tion, we need a type construgty. = that binds the kind variable
in the typer. The formation rules are shown below.

int : Q N

— . 0=-0-0 Ex;ATHw T EsANTRe:Vx.m EFER

Vo 1 (2-0)—0 S;A;FFA+X.U : V+x.7' S;A;er[&r : m{r/x}

Vi @ (k—Q)—Q However, since our goal is fully reflexive type analysis, we need

to analyze kind-polymorphic types as well. As with polymorphic
+ . .
We can avoid the infinite number ®f; constructors by defining a types, we can represent the type. = as the application of a type

i+ : . .
single constructo¥ of polymorphic kindvy. (x — €) — Q and constructoN of kind (Vx.Q) — Q to a kind abstractior\x. 7.
then instantiating it to a specific kind before forming polymorphic  Thus the kinds of the constructors for types of kindre

types. More importantly, this technique also removes the negative int : 0

occurrence of2 from the kind of the argument of the constructor 0= 0—=0

Va. Hence in ourA! calculus we extend?, with polymorphic Vo Wy (x — Q) —Q

kinds and add a type constanof kind V. (x — ) — Qto the v (Vx. Q) — Q

type language. The polymorphic type:: . 7 is now represented ' X

asV [k] (Aa:k. 7). None of these constructors’ arguments have the Kiittla negative
We define the syntax of th&! calculus in Figure 2, and some  position; hence the kinf can now be defined inductively in terms

derived forms of types in Figure 3. The static semantica0fis of these constructors. ThEyperec construct is then the iterator

shown in Figures 4 and 5 as a set of rules for judgments using the over this kind. The formation rule fofyperec follows naturally



Kind formation EFk Term formation E;A;T'ke : 7
xX€E EFr EFK  ExFEr EANTFe: T EAFT~T 1 Q EART
EFQ  EFx EFk— K EFVx. K EATFe: 1T E; AT @ int
Type environment formation £ - A EAFT z:7inD Ex; AT w7
EEA £k EATHx 7T 5;A;F|—A+X.’UZV+X.T
ke EFA a:k ENakTho:T ENT,z:the: 7
T A (KLU ‘K. AT Az:Te s !
Type formation &AL 7 : & EATHFAa:kv : Vark.t EANTEFM:Te:T—T
ENT,z:THw :
£ra T V+X Xn- Vo xffT 1; TK T — T
. = 1.+ Xn- 1:R1...m  Km:T1 2.
E;AFint : Q o n>0.m>0
EAF(—>): Q0 —=Q—0 EFA a:kinA 7
EAFY  Wx.(x— Q) —Q EAFa:k EAN T Hfixz:t.vo @ 7
+
EAFY 1 (Vx.Q)— Q
( ) 5;A;F|—€IV+T Erk
. . . . /
EXx;AFT K ESAFT :Vx.k EF K 5;A;FF6[I€}+ZT[K]
EAFAx.T :Vx.k  EAFRTIE] : w{k/x}
EATrRe: Vit EART 1k
EAN a:kbT K EAFT K —k EAFRT K EAT e[| rr
EAF kT i K — K EAFTT 1 kK
EANThe: T =1 EATERE - 7
EAFT 1 Q . T
EAF T ¢ K EANT'FHee : 71

EEAFTL Q> Qo Kk—K—K
EAFTy V. (x = Q)= (x—K)— K
EAFTA (WX Q) = (VX.K) = K

&; A= Typerec[x] 7 of (Tine; 75 Tv; T4) & K

Term environment formation &;ART |

EFA
E;AFe

EAFT AT :
EAFT z:T

Q

Figure 4:

EAFT 1 Q- Q

EARFT  Q

E;A;T Fepne : Tint

EAT e : Va: Q. Vo : Q.7 (a0 — )
E;A; T+ ey :V+X.Vazx—>Q.T(V[X]a)
EAT e Va:(Vx. Q).T(V+a)

E; AT = typecase[r] 7’ of (eint; e—; ev; ) = T

Formation rules of ¥’

!
T

‘Type reduction E;AF 1~ 7o ¢ n‘

&; A & Typerec[s] int of (Tint; 75 Tv; T4) & K

ENak Tk EAFT K &
EAF Qaik'.T)T ~1{t'[a} : K £
E

A+ Typerec[x] int of (Tint; T—5 Tv; Tot) ~ Tint & K
;s A F Typerec[k] 71 of (Tint; T—; Tv; TV+) ~ T LR
; A k= Typerec[x] 72 of (Tint; 75 Tv; Tt) ~> 75 & K

EX AT VXK EFK &; A+ Typerec[s] ((—) 71 72) of (Tint; T Tv; Tp) ~ T TI T2 TA T3 : K
EAE (A7) [~ m{w'/x} + w{K"/x}
E; A, a:k' = Typerec[k] (T a) of (Tint; 75 Tv; Tp) ~ 7' 1 K
. . /
EAFT:in—r aff() &; A+ Typerec[s] (V¥ [&'] T) of (Tine; 75 7v; Tut)
EAF k. Ta~T k— K ~ 1y [K] 7 Otk 7)) K
EAFT VX kX ¢ fhu(T) E,x; A F Typerec[s] (7 [x]) of (Tint; T—; Tv; Tp) ~ 7' 1 K

EAFAX.T[X]~T: VX .k

Figure 5: Sele

E; A+ Typerec[k] (V+T) of (Tine; T3 Tvs Tp) ~ Tt 7 (AX-T') + K

cted\” type reduction rules




from the type reduction rules (Figure 5). Depending on the head
constructor of the type being analyzdyperec chooses one of the
branches. At thént type, it returns thes,. branch. At the function
typer — 7/, it applies ther_. branch to the componentsandr’
and to the result of the iteration overandr’.

When analyzing a polymorphic type, the reduction rule is

Typerec[] (Yo w'. T) of (Tint; 75 Tv; Tp) ~>
v [K'] (k' T) (Aa: &', Typerec[] 7 of (Tint; T Tv; Tt))

Thus theV-branch of Typerec receives as arguments the kind of

Az:m.@v~e{v/z}  (fixz:m.0) v ~ (v{fixz:T.v/2}) 0

Aa:k.Y)[r]~v{r/a} (fixz:7.0)[7]~ (v{fixz:7.v/2})[7]

(A+X. v) [/-@]er» v{k/x} (fixz:7.v) [/ﬁr’\’) (vffixz:T. 1}/3:})[/-6]+
eer ~ e e ve~ve' e[r] ~ €'[r] e[nr ~ 6I[H]+

typecase[7] int of (eint; e—; ev; er) ~ €int

the bound variable, the abstraction representing the quantified type,

and a type function encapsulating the result of the iteration on the

body of the quantified type. Sinee must be parametric in the kind

' (there are no facilities for kind analysis in the language), it can
only apply its second and third arguments to locally introduced type
variables of kind<'. We believe this restriction, which is crucial
for preserving strong normalization of the type language, is quite
reasonable in practice. For instangecan yield a quantified type
based on the result of the iteration.

The reduction rule for analyzing a kind-polymorphic type is

Typerec[k] (V+X. ) of (Tint; T3 Tw; Tup) ~
T+ (Ax. 7) (Ax. Typerec[x] 7 of (Tine; T Tv; Tpt))

The arguments of the . are the kind abstraction underlying the
kind-polymorphic type and a kind abstraction encapsulating the re-
sult of the iteration on the body of the quantified type.

For ease of presentation, we will use ML-style pattern matching
syntax to define a type involvin@yperec. Instead of

T = Aa: Q. Typerec[s] o of (Tine; T—; Tv; Tt)

where 7_ = Aa1: Q. a2 Q. o k. Aok T
v =Ax. da:x — Q. x — K.y
T = da: (Vx. Q). xa’: (V. k). Té,Jr

we will write
7 (int) = Tint
T(on — a2) = 7L{7 (1), 7 (a2)/al, a5}
T(ij] a1) = m{da:x.m(a1a)/a’}
7 (Vo) = 7M. 7 (a1 [x])/a'}

To illustrate the type-level analysis we will use thgperec opera-
tor to define the class of types admitting equality comparisons. To
make the example non-trivial we extend the language with a prod-
uct type constructox of the same kind as», and with existential
types with type constructad of kind identical to that o¥, writing
Ja: k. 7 for 3 [] (Aa: k. 7). Correspondingly we exteriflyperec
with a product branch and an existential branch; which be-
have in exactly the same way as the branch and they branch
respectively. We will us®ool instead ofint.

A polymorphic functioneq comparing two objects for equality
is not defined on values of function or polymorphic types. We can
enforce this restriction statically if we define a type oper&gof
kind Q@ — €, which maps function and polymorphic types to the
type Void = Va : Q. «a (a type with no values), and require the
arguments okq to be of typeEq T for some typer. Thus, given
any typer, the functionEq serves to verify that a non-equality type
does not occur inside.

Eq (Bool) = Bool

Eq (a1 — a2) = Void

Eq(a1xaz) = Eq(a1)xEq(az2)
Eq(V[x]a) = Void

Eq (¥ o) = Void

Ea( @I e) = F[x](Aea:x.Eq(aan))

typecase[7] (11 — T2) of (eint; e—; ev; er) ~» e— [11] [12]
typecase[7] (V [] 7) of (eint; €—; ev; e r) ~ ey [’fr [7]
typecase[T] (V+T) of (eint; e—; ev; egr) ~ e [7]

geb T ~*U:Q v’ is a normal form

typecase[7] 7' of (eint; e—; ev; et) ~
typecase[7] v’ of (eint; e—; ev; ev+)

Figure 6: Operational semantics ofA?

The property is enforced even on hidden types in an existentially
typed package by the reduction rule fbyperec which suspends

its action on normal forms with variable head. For instance a term
e can only be given type

Eq(Fa:Q.a x a) =3Ja:Q.Eqa X Eqa

if it can be shown that is a pair of terms of typ&q + for some
T, i.e., terms of equality type. Note thdiq ((Bool — Bool) x
(Bool — Bool)) reduces taVoid x Void); a more complicated
definition is necessary to map this typeMoid.

At the term level type analysis is carried out by tlypecase
construct; however, it is not iterative since the term language has a
recursion primitivefix. Theey branch oftypecase binds the kind
and the type abstraction carried by the type constrittarmile the

e+ branch binds the kind abstraction carried&ﬂy

typecase[7] (V [£] 7') of (eint; e—; ev; e+) ~ ev ["Jr [7']

typecase[7] (V+Tl) of (€int; e—; ev; er) ~ et [1]

The operational semantics of the term languagk/ofs presented
in Figure 6.

The language\!” has the following important properties (for de-
tailed proofs we refer the reader to the companion technical re-
port [18]).

THEOREM 3.1. Reduction of well-formed types is strongly nor-
malizing.

We prove strong normalization of the type language following
Girard’s method of candidates [6], using his definition of a candi-
date. The standard set of neutral types is extended to include types
constructed byTyperec. We defineRq as the set of types of
kind © such that the typ&yperec[x] T of (7int; 7—; Tv; Tt) be-
longs to a candidate for kind whenever the branches belong to
candidates of the corresponding kinds from Tiygerec formation
rule. We then prove that this set is a candidate. Next we define
the setS,;[C/X] of types of kindx (for given candidate€ corre-
sponding to the free kind variablgsof «), equal toRq for kind



€2, and defined inductively as in [6] for function, polymorphic, and identifiers and performing remote invocations:
variable kinds. We show tha,.[C/X] is a candidate. Finally we

= - newid : Vai : Q. Vag : Q. (Tran a1 —Tran az)—Tran (a1—az)
prove thatS,.[C/X] is closed under substitution of types for free rapp + Yo : Q. Vas 0. Tran (a1—as )—Tran a1 —Tran as

type variables; strong normalization is an immediate corollary. ¥
newpid : V . Va: x — Q. (Vo' :x. Tran (aa’)) — Tran (V [x] )
THEOREM 3.2. Reduction of well-formed types is confluent. rtapp : V' x. Vo y — Q. Tran (¥ [x] @) — Vo’ : x. Tran (a @)

For completeness in our system we also need to handle kind poly-

Confluence of type reduction is a corollary of local confluence, : ) J e
morphism and remote kind applications:

which we prove by case analysis of the type reduction relatioh (
We consider type contexts with two holes and show that the reduc-
tion is locally confluent in each case.

We say that a term is stuck ife is not a value and ~» ¢’ for

newkid : Va: (Vx. Q). (V+X. Tran (a[x])) — Tran (V+oz)
rkapp : Va: (Vx. Q). Tran (V+o¢) — V'x. Tran (alx])

no terme’. Operationally, thenewid's take a function between transmissible
P values and generate a new, globally unique identifier and tell the
THEOREM3.3 (SOUNDNESS OF\; FORTYPE SAFETY). name server to associate that identifier with the function on the lo-
If e; e; e - e:rande ~* e’ in A, thene’ is not stuck. cal machine. The remote applications take a proxy identifier of

a remote function and a transmissible argument value. The name

We prove soundness of the system using a contextual semanticserver is contacted to get the site where the remote value exists;

in Wright/Felleisen style [26] using the standard progress, subject the argument is sent to this machine, and the result of the function
reduction, and substitution lemmas as well as the confluence andtransmitted back as the result of the operation.

strong normalization properties of th¢' type system. Marshalling and unmarshalling of values from transmissible rep-
. . resentations are performed by the mutually recursive functibns
3.1 Example- Marshalllng Va:Q.a — Trana andU:Va: Q. Trana — «. They are defined

One of the examples that Harper and Morrisett [8] use to illus- Pelow by a pattern-matching syntax and implicit recursion instead
trate the power of intensional type analysis is based on the exten-Of typecase andfix. We assume that a type or a kind does not need
sion of ML for distributed computing proposed by Ohori and Kato o be transformed in order to be transmitted.

[14]. The idea is to convert values into a form which can be used for \ [int] — \z:int.z
transmission over a network. An integer value may be transmitted (01 — as] = Az:oq — ao.
directly, but a function may not; instead, a globally unique identi- newid [a1] [aa]
fier is transmitted that serves as a proxy at the remote site. These (A2’ :Tran an. M [ae] (z (U [ai] 2)))
identifiers are associated with their functions by a name serverthatm v [y] o] = Az:V [x] o
may be contacted through a primitive addressing scheme. The re- newpid [X]+ ] (A x. M [a o] (z [@]))
mote sites use the identifiers to make remote calls to the function. 4 4 : + Y
Harper and Morrisett show how to define types of transmissible val- M [V o] = Az:V a.newkid [a] (A x. Mo [x]] (z [x]))
ues as well as functions for marshalling to and unmarshalling from [lda] =Az:lda.z
these types using intensional type analysis. However, the predica-U [int] = Az:Tran (int).
tivity of their calculus prevents them from handling the full calculus U [a1 — a2] = Az:Tran (a1 — a2). Az’ : .
of Ohori and Kato, which also includes the remote representation U [az] (rapp [o1] [2] 2 (M [aa] 7))
of polymorphic functions and remote type application. UNV[xla] =Xz:Tran(V[x]a). Aa’:x.

In AP marshalling of polymorphic values is straightforward; in U[a o] (rtapp [er [a] z [a'])
fact it offers more flexibility than the calculus of Ohori and Kato — X\z:Tran (V+a). Ay.U (o [x]] (rkapp [o] [X]+)
needs, since polymorphic functions become first-class values, andU (Id a] — Az:Tran (Ida).

polymorphic types can be used in remote type applications. Adapt-

ing the constructs of [8] to\]’, we introduce a type constructor . i i

Id: Q — Q. Avalue of typer has a global identifier of typkd 7. 3.2 Exa_'mple' Polymorphic _equa“ty_ _ _

The Typerec andtypecase operators are extended in an obvious ~ Another view at the term-level analysis of quantified types is pro-

way. For example, the following type reduction relation is added: Vided by an example involving the comparison of values of existen-
tial type. The term constructs for introduction and elimination of

Typerec[x] (Id 7) of (Tin; T—; Tv; Tyt Tra) ~ existential types have the following formation rules.
714 T (Typerec[k] 7 of (15045 T—; Tv; Tur; T
ra (Typ (<] (i Vi Tyt Tia)) EANTHe: Aaik.T) T

EANTH{a:k=7"e:7) : Ja:k. T

The type of the remote representation of values of tygeTran 7,
defined in [8] using intensional analysisafValues of typelran +

do not contain any abstractions; all the abstractions are wrapped
inside anld constructor. We can extend the Harper/Morrisett defi-
nition of Tran to handle the quantified types &f as follows:

E;NT ke : Fr|T EAFT  Q
E N ok T,z:Take @ 7

E;A;TFopencas(a:k, z:Ta)ine : 7’

Tran (int) = int - . . . ' -
B The polymorphic equality functionq is defined in Figure 7 (we
?an (31 — az) - :j (;-ra/'? “ ; Tran.?g) , use aletrec construct derived from ouiix). The domain type of
ran ( JX} a) = ld( o ,'X'( a1:x. Tran (o ai))a ) the function is restricted to types of the forfg 7 to ensure that
Tran (V «a) = 1d (¥ x". (Ax. Tran (a[x])) [X]) only values of types admitting equality are compared.
Tran (Id &) = lda

!Ohori and Kato [14] define one primitive for creating identifiers
At the term level the system provides primitives for creating global for both term and type abstraction.



letrec
heq:Va:Q.Va':Q. Eqa — Eqa’ — Bool
= Aa:Q. Ad": Q.
typecase[Ay:Q. Eqy — Eqa’ — Bool] a of
Bool = Ax:Bool.
typecase[\y: Q. Eqy — Bool] o’ of
Bool = Ay:Bool. primEqBoolxy
e = ...false
ﬁl Xﬂgi} )\X:Eqﬂleqﬁg.
typecase[\y:2. Eqy — Bool] o’ of
B1x B = \y:EqpixEqfBs.
heq [81] [81] (x.1) (y.1) and
hea [82] [35] (x.2) (v.2)
e = ...false
Fx] B = Mx:(IB1:x-Eq (B B1)).
typecase[A\y: Q. Eqy — Bool] o’ of
315/ = Av: (38X Ea (8 61)).
open x as (1 :x, xc:Eq (8 51)) in

openyas (B1:x', yc:Eq (8 B1)) in

heq [3 1] [8' B1] xcye

= ...false

in let eq = Aa: Q. Ax:Eq . \y: Eq . heq [a] [a] x y
in...

Figure 7: Polymorphic equality in A

Consider the two packages= («: 2 = Bool, false : o) and
v' = {a:Q = Bool x Bool, (true, true) : o). Both are of type
Ja: Q. a, which makes the invocatiory [Ja: Q. o] v v’ legal. But

which reduces tbeq [Bool] [Bool] true true and thus tarue.

However this result is justified, since the above two packages
of type Ja : Q. « will indeed behave identically in all contexts.
An informal argument in support of this claim is that the most any
context could do with such a package is open it and inspect the type
of its value usingtypecase, but this will only provide access to a
type functionr representing the inner existential type. Since the
kind x of the domain of- is unknown statically, the only non-trivial
operation orr is its application to the witness type of the package,
which is the only available type of kind. As we saw above, this
operation will produce the same result (namBbpl) in both cases.
Thus, since the two argumentsdq are indistinguishable by
contexts, the above result is perfectly sensible.

3.3 Discussion

Before we move on, it would be worthwhile to analyze ftfé
language. Specifically, what is the price in terms of complexity of
the type theory that can be attributed to the requirements that we
imposed?

In Section 2.3 we saw that an iterative type operator is essen-
tial to typechecking many type-directed operations. Even when re-
stricted to compiling ML we still have to consider analysis of poly-
morphic types of the fornva : 2. 7, and theirad hocinclusion in
kind 2 makes the latter non-inductive. Therefore, even for this sim-
ple case, we need kind polymorphism in an essential way to handle
the negative occurrence 6f in the domain ofv. In turn, kind
polymorphism allows us to analyze at the type level types quanti-
fied over any kind; hence the extra expressiveness comes for free.
Moreover, adding kind polymorphism does not entail any heavy
type-theoretic machinery—the kind and type languagafis a
minor extension (with primitive recursion) of the well-studied cal-
culusFs; we use the basic techniques developed#p[6] to prove

when the packages are open, the types of the packaged values magroperties of our type language.

(as in this example) turn out to be different. Therefore we need the
auxiliary functionheq to compare values of possibly different types

The kind polymorphism ok! is parametrici.e.,kind analysis is
not possible. This property prevents in particular the construction

by comparing their types first. The function corresponds to a ma- of non-terminating types based on variants of Girarf'sperator
trix on the types of the two arguments, where the diagonal elementsusing a kind-comparing operator [7].

compare recursively the constituent values, while off-diagonal ele-

ments returrfalse and are abbreviated in the figure.

The only interesting case is that of values of an existential type.

Opening the packages provides access to the witness fiypasd

(31 of the arguments andy. As shown in the typing rules, the ac-
tual types of the packaged valuesandy, are obtained by applying
the corresponding type functions and 3’ to the respective wit-
ness types. This yields a perhaps unexpected semantics of equalit

Consider this invocation of they function which evaluates toue:

eq [Fa: Q. q]
(a:Q=36:Q.08, (3:Q = Bool, true:Eq 3) : Eq «)
(a:Q=736:Q — Q.5 Bool,
(B:Q — Q = A\y:Q.7, true: Eq (3 Bool)):Eq a)

At runtime, after the two packages are opened, the calétas

heq [33:Q. 8] [38:Q — Q. 8 Bool|
(8:9 = Bool, true: Eq 3)
(B:2 — Q = Ay:Q.~, true:Eq (5 Bool))

This term evaluates terue even though the type arguments are

For analysis of quantified types at the term level we have the new
constructA+X. e. This does not result in any additional complexity

at the type level—although we introduce a new type constrwﬁor
the kind of this construct is defined completely by the original kind
calculus, and the kind and type calculus is still essentigdlyThe
term calculus becomes an extension of Girand’s calculus [5],
hence it is not normalizing; however it already includes the gen-

Yeral recursion construgix, necessary in a realistic programming

language.

Restricting the type analysis at the term level to a finite set of
kinds would help avoid the term-level kind abstraction. However,
even in this case, we would still need kind abstraction to imple-
ment a type erasure semantics, which can simplify certain phases
of the compiler (for details see the extended report [18]). On the
other hand, having kind abstraction at the term levelbfadds no
complications to the transition to type erasure semantics.

4. ANALYZING RECURSIVE TYPES

Next we turn our attention to the problem of analyzing recur-

different. The reason is that what is being compared are the actualsive types. Following the general scheme described in the previous
types of the values before hiding their witness types. Tracing the section, we need to introduce a type construgtgielding a type

reduction of this term to the recursive callq [3 1] [8’ 31] xcyc
we find out it is instantiated to

heq [(A\3:92. B) Bool] [(AB:Q — Q. 3Bool) (Ay:Q.v)] truetrue

isomorphic to the least fixpoint of a given type function. Since the
types we analyze are of kirfd, the kind ofp of interest is

p:(Q2— Q) -0



Unfortunately there is a negative occurrencefofn the domain

of this kind, which—as it was with universally-quantified types in
Section 3—prevents defining an iterator over this kind while main-
taining strong normalization of the type language. In the case of
quantified types we were able to resolve this problem by general-
izing the negative occurrence ©f to an arbitrary kind; however

such an approach is doomed in the case of recursive types since the(;yes)

argument ofi must have identical domain and range.

One possibility is to follow the approach outlined by Crary and
Weirich in [1] for quantified types; since type variables bound by
the fixpoint operator must be of kin@, an environment can be
used to map them to types of kirfd without kind mismatches.
While plausible and perhaps efficient, this approach (as pointed out
in Section 2.4) gives no protection against some programming er-
rors, and it is unclear how to combine it wi{’.

4.1 A-restricted Typerec

To handle recursive types, we introduce a new constriritate
that acts as the right inverse of thigperec. We will first give an
informal explanation of how th@lace constructor is used in our
solution by considering a restricted form of tligperec. This ap-

proach does not guarantee termination; we use it to ease the pre-

sentation of the\" calculus.
Consider the iteratioMyperec[Q] T of (Tint; T—; Tv; Tks Tw)
in the case when is a recursive type, sgy(Aa: §2.int — «). In

many cases, the desired result will be another recursive type, say

p(Aa: Q.7') wherer' is the result of analyzing the body. If we
followed the approach we used in the case of polymorphic types
(i.e., if the iterator’s action on the type variable is suspended until
the variable is replaced by a type upon unfolding the fixpoint), then
the result would be:

p (Aa: Q.7 int a7ine (Typerec[Q] a of ...))

In this case, the iterator ends up being appfietimes to thenth
unfolding of the fixpoint, which does not correspond to the de-
sired fixpoint. Instead the iterator must be applied to the body of
the type function, but—in contrast with the behavior in the case
of a quantified type—the iterator shoutisappearwhen applied
to the type variablex. Since the fixpoint notation represents a
type isomorphic to an infinite unfolding of the body, the traver-
sal of the entire infinite tree is complete with one iteration over
the body. In other words the iterator must satisfy an equation like
Typerec[Q] a of ... = « so that the result of analyzing the body
iISAa:Q. 7 int & Tint ..

Therefore, we need to distinguish between type variables bound
by a polymorphic or existential quantifier and those bound in a re-

(kinds) x|tk | k=K | Vx5

a|int\—°»|‘vj’|\°f+ p | Place
Aaik.T | 77 | Ax.T | T[K]
Typerec[s] T of (Tint; T—; Tv; Tts Tu)

9

(types)

i | A+X.fu | Aaik.v | Az:itoe | fixz:Tov
fold v as 7

+ /
v|xz|els] |elr]|ee
fold e as 7 | unfold e as T
typecase[T] 7' of (eint; e—; ev; ex; €p)

(terms)

Figure 8: The AY language

Q=Vyx.hx
87" = Ax. 7 [x] (7' [x])
T =(-)Tr7
Va:k. 1=V K] (Aa:k. T)
V+X.TEV+(AX. T)
(—):0—-0-0
V :Vx.(x = Q) —Q

for x ¢ fkv() U flo(7')

= da: Q. 2’ : Q. (()8%a)$a’
= Ax. da:x — Q. Ay

VX [x] (Ao’ x.aa’ [X])
= da: (Vx. Q). Ay’

VX' (Ax- a X X))
P ix — Bx) — Q= A (Vx- By — bix). pa

Vo (Yx.Q) — Q

Figure 9: Syntactic sugar for )\?

sive type is

Typerec[Q] (p7) of (Tint; T—; Tv; Tbs Tu) ~
T T
(Aa: Q. Typerec[Q] (7" (Place @) of (Tin; 75 7v; Tyt 7))

4.2 The general case

The previous approach does not generalize to the case when the
result of theTyperec may be of an arbitrary kind. In the general
case, the type reductions are:

Typerec[] (Place 7) of (Tint; T—; Tv; Tors Tu) ~ T
Typerec[x] (7") of (Tint; T Tw; Tts o) ~

cursive type. This reasoning leads us to a solution based on the Tt

work of Fegaras and Sheard on catamorphisms over non-inductive

datatypes [4]. The main idea is to introduce an auxiliary type con-
structorPlace of kind Q@ — Q which is the right inverse of the
iterator,i.e., it holds that

Typerec[Q2] (Place ) of (Tint; T—; Tw; Tup; Tu) ~> T
The iterator processes the body of a recursive type with-heund
type variable protected undBtace. While processing the body, the
iterator eventually reduces to instances of the form

Typerec[Q2] (Place ) of ...,

which reduce tav. The reduction rule for the iterator over a recur-

(Aa: k. Typerec[s] (7" (Place @) of (Tint; T—; Tv; Tt Tu))

The constructoPlace can now be applied to a type of arbitrary
kind, but its return result must §&. This implies thaPlace has the
kindVy. x — Q. Butthis is unsound since we can not constrain the
kind of = above (the argument &flace) to match the result king
of the Typerec.

Adopting the solution given by Fegaras and Sheard, we modify
the domain of intensional analysis: in placeofwe introduce a
parameterized kind, and require that the type being analyzed
in Typerec[k] 7 of (Tint; T—; Tv; T+ Tu) IS Of kind k. The con-
structorPlace must then have the polymorphic kintk. x — fx,
and the fix-point constructgr the kindvx. (kx — tx) — bx.

We define the)\f.’2 calculus in Figures 8 and 9. Figures 10, 11,



Kind formation £ - & | Term formation & A;T ke : 7|
xe& Erbk Ebke EFka & xFk EART EANTFe: T EAFT~T 1 Q
Ekx EFtk EF K1 — Ko EFVx. K E;A;THG :int EATFe: 7T
‘Typeformation 6;AFT:H‘ EAFT Vx.Ix —ix &ATHe: pr
EFA E;A;T Funfoldeas T : 78(pr)
S;Al—inE P VXX EAFT  Vx.ix —ix EA;THe: 78(pr)
SEA anina SAF(S) VXX — iy = bx e AT fold .
cTa ariia E;ARY S YX-YXL (X — ) — by AW oldeasT : pr
EAFa:k SIAFY s Vx (VX Bx) — bx +
EAF : Vx. (B — Bx) — bx E,x;AThw o 1 EATFe: VT EFk

E; A Place : V. x — Ix EANTHAyv: VT 5;A;FF6[}<¢]+:T[K]

ENakbT K EAFT K —k EAFRT K EAa:m:The: T E AT, z:irhe: 7
EAF kT Kok EAbTT ik EANTFAa:k.e : Yok ENTFMN:T.e:T— 1T
Ex;ART i K EAFT :Vx.6 EFK EATFe : VKT EAFT : &

EAFAx.T :Vx.k  EAFTIKE] : k{Ks/x} EATFe[r] 7
EAFT gk EATFer :m—7n EATHe : 1
E;AF Tine © K
EAFTL ik =tk >k —> K —K EATFerer i
EAFTy Vx.(x = k) = (X —K) =K
EAF T4 (Vx-bK) — (VX.K) — & N ENT zrho T
EAFT, : (k—tK)— (k—K) =K T=V X1 -Xn-VA1LIKL...Qm Km:T1 — To.

E; A+ Typerec[k] T of (Tint; T—; Tv; Ty Tu) 1R

n>0m>0

EANTHfixz:mov o 1

Figure 10: A% type formation rules EAFT 10

EART 1 Q
E;ATF €ine : Tint
E;ATERel : Va: Q. Vo' : Q.7 (a1 — ag)

E;NA; Tk ey :V+x.Va:XHQ.T(V[x]a)
ENT ke = Va:(Vx.Q).7(V )
E;NT ke, : Va:(Vx.Ix = bx).7(pa)

E; AT typecase[7] 7' of (eint; €—; ev; ersen) + 77

and 12 show the static semantics. Figure 13 shows the dynamic
semantics.
Types which had kind2 in A’ could be analyzed by &yperec
with an arbitrary result kinds’. In our new Ianguage?, a type
that can be analyzed by an arbitrafyperec construct must have
the kindy for all possibles. Thus the kind2 of ! is represented
by the kindvy. fx in A2.
To be able to analyze function and polymorphic types, we now
have to modify their kinds as well; to avoid confusion with the

constructors based a2, we denote the new constructors 8y, ¥, branch of the iterator. For example, consider the analysis dhthe
andv+(Figure 8). The kind rules for these constructors are shown andV constructors (Figure 12) :
in Figure 10. We can define equivalents of th types(—), V,

andV+starting from=», V, and\?respectively. The key intuition
in the definition (Figure 9) is that we thread the same kind through
all components of kind2. For example, expanding the definition

of 7 — 7’ we obtain its equivalent\x. = [x] (7 [x]) (7" [x]). Ex- The reduction rules fotypecase are similar to those i/, with
pressed in terms of these derived types, the typing rules for mostthe recursive type handled in an obvious way (Figure 13). How-
A? terms (Figure 11) are identical to thoseXff. Compared with  ever, there is one subtlety in thepecase reduction rules. Since
AP, the term language of has two new constructsfeld e as T typecase does not iterate over the structure of a type, its reductions
andunfold e as 7 — to implement the isomorphism between a re- do not introduce th@lace constructor; thus the type analyzed by
cursive type and its unfolding. Typerec[x] must be of kindgx, but atypecase can only analyze
Each of these constructors must first be applied to kifefore types of kind(2, i.e., Vx.fx. It is easy to see that there are no
being analyzed, whereis the kind of the result of the analysis. In  closed types of this kind constructed uskigce. Thus there are no
all other aspects the type-level analysis proceeds a$ iby iter- reduction rules fotypecase analyzing thePlace constructor. We
ating over the components of the type and then passing the resultsshow this (in the companion technical report [18]) when proving
of the iteration and the original components to the corresponding the soundness dtf?

Figure 11: A% term formation rules

Typerec[x] (int [k]) of (Tint; T—; Tv; Tks Tu) ~ Tint
Typerec[x] (¥ [£] [£'] 7) of (Tint; T3 Tv; Tups Tu) ~
v [K'] T (Aa: k. Typerec[s] (T @) of (Tint; T—; Tv; Tts Tu))



Typereduction E;AF T~ K &; A+ Typerec[x] (int [k]) of (Tin; 75 Tvi Tops Tu) & K
&; A F Typerec[] (int [£]) of (Tint; T—; Tv; Tups Tu) ~> Tint @ K
. - . . . . / .
L NP I AT K 6’j A+ Typerec[x] 71 of (T.ntz T_,j va T\#j Ty) ~ g K
&; A= Typerec[k] T2 of (Tint; 75 Tv; Trs Tu) ~ T3 & K

EAF Qaik'.T)T ~1{T'Ja} : K

E; A+ Typerec[s] ((->) [k] 71 T2) of (Tint; T—; Tv; Tyt Tu) o T TIT2TI TS & K
. . /
EXART XK Ehs E; A a: k' Typerec[s] (T @) of (Tint; T Tv; Ths T) ~ Tk
E;AF (Ay. ! ! : ! g
(e ) W]~ 7w /xh = wl/x) &; A+ Typerec[s] (V [x] [£] T) of (Tine; T 7w Tors Tu) ~ 7w [K'] T (Na:k'.7') 1 &
ESAFT : / t
TIRTR o ¢ fto(r) E,x; A = Typerec[s] (7 [x]) of (Tin; 75 Tv; T Tu) ~ T K
EAF k. Ta~T 0 k— K —
E; A+ Typerec[s] (V' [K] T) of (Tin; T Tv; Trs Tu) ~ T T (Ax.T') = K
EAFT VY .k x & fhu(r) /
NI T & A, a:k = Typerec[] (7 (Place [k] @) of (Tint; T—; Tw; Tup; Tu) ~> 7' 1 K
&; A Typerec[x] (fi [k] ) of (Tint; T3 Tv; Ts Tu) ~ Tu T (At k. )ik
&; A+ Typerec[r] (Place [£] 7) of (Tint; 73 7v; Tyt Tu) : K

&; A+ Typerec[x] (Place [5] T) of (Tint; T Tv; T Tu) ~> T

K

Figure 12: Selectedk? type reduction rules

unfold (fold v as T) as 7~ v

/ /
e~ € e~ e

fold e as 7 ~» fold €’ as T unfold e as 7 ~+ unfold ¢’ as 7
typecase[7] int of (eint; e—; ev; et; eu) ~ eint
typecase[7] (11 — T2) of (eint; e—; ev; er; eu) ~ e [T1] [72]
typecase[7] (V [x] 7') of (eint; e—; ev; er; eu) ~ ey [nr (7]
typecase[r] (V') of (em; e—; ev; egt; en) ~ et [T']
typecase[7] (u7”) of (eint; e—; ev; eyt en) ~ ey [7]

gekF1m ~*1V:Q v/ is a normal form

typecase[7] 7' of (eint; e—; ev; er; eu) ~
typecase[7] ' of (eint; €e—; ev; e eu)

Figure 13: Selected\* term reduction rules

The Ianguage\ﬁg enjoys the properties of” listed in Section 3,
detailed proofs of which can be found in the companion technical
report [18]. For instance, we prove strong normalization using Gi-
rard’s method of candidates [6] as f8F , with a few adjustments:
Since our “base” kind is parametric, we defin&,C,. as the set of
typesr of kind i« for which Typerec[x] 7. .. belongs to a candi-
dateC,; of kind x whenever the branches belong to candidates of the
respective kinds, and the s84.[C/x] is defined ask,(S.[C/xX]).

4.3 Limitations
The approach outlined in this section allows the analysis of re-

can write a polymorphic equality function of typéy : Q. —

a — Bool, and one can write a type operaffxf as in Section 3, it

is not possible to write polymorphic equality of tyge: 2. Eq o —

Eqa — Bool. The reason is that althoudty (p 7) reduces to a
recursive type, its unfolding is ndiq (7$(p 7)), the type needed

for the recursive invocation of the equality function. Indeed the
types7’ (p7) and7’ (r$(p 7)) are not bisimilar in general, since

7' may analyze its argument and produce different results depend-
ing on whether it is a recursive type or not. Thus the problem can be
traced back to our decision to defipi@s a “constructor” for kind,
which makes recursive types observably distinct from their unfold-
ings. Alternatives are to limit the result kind ®fperec to €2, or to
regain transparency @f by eliminating ther,, branch ofTyperec

and providing a reduction rule which always maps recursive types
to recursive types; since the analogous transformation at the term
level in the latter case will require combinitigpecase with recur-

sion, the resulting language exceeds the scope of the current paper.

5. RELATED WORK

The work of Harper and Morrisett [8] introduced intensional type
analysis and pointed out the necessity for type-level type analysis
operators which inductively traverse the structure of types. The do-
main of their analysis is restricted to a predicative subset of the type
language, which prevents its use in programs which must support
all types of values, including polymorphic functions, closures, and
objects. This paper builds on their work by extending type analysis
to include the full type language. Craey al. [1] propose a very
powerful type analysis framework. They define a rich kind calcu-
lus that includes sum kinds and inductive kinds. They also provide
primitive recursion at the type level. Therefore, they can define new
kinds within their calculus and directly encode type analysis oper-
ators within their language. They also include a novel refinement
operation at the term level. However, their type analysis is “limited

cursive types within the term language and the type language, butto parametrically polymorphic functions, and cannot account for
imposes severe limitations on combining these analyses. While onefunctions that perform intensional type analysis” [1, Section 4.1].



Our type analysis can also handle polymorphic functions that an-
alyze the quantified type variable. Moreover, their type analysis
is not fully reflexive since they can not handle arbitrary quantified
types; quantification must be restricted to type variables of Kind
Duggan [3] proposes another framework for intensional type anal-
ysis; however, he allows the analysis of types only at the term level
and not at the type level. Yang [27] presents some approaches to
enable type-safe programming of type-indexed values in ML which
is similar to term-level analysis of types. Our solution for recursive

types is based on the idea proposed by Fegaras and Sheard [4] for10]

extending theéold operation to non-inductive datatypes. Meijer and
Hutton [10] also propose a method for extending catamorphisms
to datatypes with embedded functions; however, their method re-
quires the definition of an anamorphism for every such catamor-
phism.

Necula [13] proposed the ideas of a certifying compiler and im-
plemented a certifying compiler for a type-safe subset of C. Mor-
risettet al. [12] showed that a fully type-preserving compiler gen-

erating type-safe assembly code is a practical basis for a certifying (13]

compiler.
The idea of programming with iterators is explained in Pierce’s
notes [16]. Pfenning and Mohring [15] show how inductively de-

(7]
(8]

El

(11]

(12]

[14]

fined types can be represented by closed types. They also construct

representations of all primitive recursive functions over inductively
defined types.

6. CONCLUSIONS

We presented a type-theoretic framework for fully reflexive in-
tensional analysis of types which includes analysis of polymorphic,
existential, and recursive types. We can analyze arbitrary types
both at the type level and at the term level. Moreover, we are not
restricted to analyzing only parametrically polymorphic functions;
we can also handle polymorphic functions that analyze the quan-
tified type variable. We proved the calculus sound and showed
that type checking still remains decidable. Since we can analyze
arbitrary types, we can now use these constructs to write type-
dependent runtime services that can operate on values of any type;
as an example we showed how to use reflexive type analysis to sup-
port type-safe marshalling.
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